CHAPTER 1
INTRODUCTION

1.1. Review Of Literature

Incline is an algebraic structure and is a special type of a semiring. In an
incline (£, +, -) with the order relation “<” defined on £ as x <y if and only if
x+y=y for x,y € £, the incline axioms, that is, x+xy = x and y+xy=y, imply that
xy <x and xy <y. Thus, inclines are additively idempotent semirings in which
products are less than (or) equal to either factor. Further, Incline algebra is a

generalization of Fuzzy algebra which is a generalization of Boolean algebra.

The concept of slope was introduced by Cao [7] and later Cao, Kim and
Roush [11] renamed it as incline. The notion of inclines and their applications
are described comprehensively in Cao, Kim and Roush [11]. Kim and Roush
[27] have surveyed and outlined algebraic properties of inclines and incline
matrices. In [29, 30], the authors have discussed the inclines of algebraic
structures. Various families of finite inclines and of finite inclines representable

by Boolean matrices have been discussed in [31].

Inclines and incline matrices have good vistas of applications in diverse
areas such as automata theory, graph theory, medical diagnosis, informational
systems, complex systems modeling, decision making theory, dynamical
programming, control theory, clustering and so on. Incline algebra and incline
matrix theory have been extensively studied by many researchers

[1,2,6,8,9, 10, 16, 17].

The power sequence of the matrices over an incline, that is, indices,
periods, convergence and orbits are discussed in detail by Han and Li [18]. Han
and Li [21], studied the eigenvectors of the incline matrix which has index. The
maximum eigenvector of a square matrix with a given associated eigenvalue
over a complete and completely distributive lattice was determined by Tan

[46].



In [15,19], some invertible conditions of a matrix over a commutative
incline £ with additive identity “O,” and multiplicative identity “/,” are
obtained and also it is established that an incline £ is an integral incline if and
only if the group of all invertible matrices coincides with the group of all
permutation matrices. Invertible matrices over an incline and Cramer’s rule are
investigated in [20]. Invertible conditions for matrices over distributive lattice
are discussed in [45, 49, 50]. An incline matrix, that is, matrix over an incline
A € £, 1s invertible if and only if there exists B € £, such that AB = BA = (1),
the identity matrix of order n. A matrix A € £,,,, the set of m x n matrices over
an incline £ is regular if and only if there exists X &€ £, such that AXA = A and
X is called a g-inverse of A. It is clear that, every invertible matrix is regular.

Thus regular matrices are a generalization of invertible matrices.

Von Neumann [48] has introduced the concept of regular elements in a
ring. An element a is called regular if a solution exists for the equation axa = a
and such solution is called a generalized inverse of a. A ring R is regular if and
only if every element of R is regular. In [22], Hartwig has studied on existence
and construction of various g - inverses associated with an element in
a ‘*-regular ring, that is, regular ring with an anti - automorphism and
developed a technique for computing g-inverses mainly by using star
cancellation law. Recently in [40], it is proved that an element in an incline is
regular if and only if it is idempotent, further some characterization of regular
elements in an incline are obtained by using the incline axioms, without using
star cancellation law as in [22] and exhibited that every commutative regular

incline is a distributive lattice.

It is well known that, a ring R is regular, if and only if R,,,, the set of all
m X n matrices over R is regular. However, this fails for matrices over a Fuzzy
algebra and therefore for matrices over an incline. Further, incline matrices
need not form an incline, since, the incline axiom AB <A (or) AB < B need not

hold. For A = (a;;) and B = (b;), A < B if and only if a;; < b; for all i and j.



Hence, A < B & A+B=B. However, under the entrywise (Schur (or)
Hadamard) product the set of m xn matrices over £ forms an incline. In [12], it
is shown that R, the set of n X' n matrices over R is regular semiring then R is

regular semiring but the converse need not be true for n = 2.

In general, for an incline matrix, the row and column ranks are not equal
as in the case of complex matrices. In [27], it is proved that for a regular
matrix over a finite incline whose idempotent elements are linearly ordered, the
row and column ranks are equal. Kim and Roush [28] have studied the
existence and construction of various g-inverses for matrices over the Fuzzy
algebra analogous to that for complex matrices [5]. The concept of full rank
factorization was introduced by Meenakshi and Sriram [39] for fuzzy matrices,
that is, matrices over the Fuzzy algebra under max-min composition. For more

details on Fuzzy matrices, refer [36].

Sanchez [42] initiated the study on fuzzy relational equations of the
form xA=b, based on the max-min composition. A method of determining
minimum solutions of fuzzy relational equations are provided in [23]. Cho
[13], has proved that xA=b is consistent when A is regular and x=Xb where X
is a g-inverse of A is a solution of xA=b. In [43,44], Sanchez has obtained the

resolution of eigen fuzzy sets equations.

The notion of commitment scheme is at the heart of most of the
constructions of modern Cryptography protocols. Commitment protocols were
introduced by Blum [33]. Fuzzy commitment scheme was introduced by Juels
and Martin [25]. McEliece proposed the first public key cryptosystem based on
algebraic coding theory in [34,35]. Later, his technique was named as McEliece
Scheme. In [3,4,14,26], the authors have discussed Fuzzy Commitment Scheme
in Cryptography to determine the methods for encryption and decryption by
using the McEliece scheme. In [24], Jordan discussed the public - key
cryptosystem by using Goppa codes. The equivalence of deterministic finite

state automata (DFSA) and the conversion of a non deterministic finite state



automata (NDFSA) to an equivalent DFSA play an important role in Automata
Theory (refer [32, 47]).

In the present investigation, we have discussed the regularity of matrices
over an incline (£, <) with least and greatest element under the order relation
“<”, as an extension of the results on regular elements of an incline found in
[40], as a generalization of the results on fuzzy matrices available in the
literature [28, 38, 39] and as a development of the results of an invertible
incline matrices discussed in [15, 19, 20]. We have determined the condition
for the consistency of incline relational equation as an extension of the
Sanchez’s method [42] and highlighted the role of incline matrices in Automata

Theory and in Cryptography.



1.2. Notations

£

(£, <)

(£,<,{0,1})

I¢

(I£)n

£m

DL

DL,

DL,

DL"

<s5>

Incline
Incline with order relation “<”

Incline with the least element “0” and the greatest
element ‘/’ under the order relation “<”

the diagonal matrix of order n, whose entries are
the greatest element ‘7.

Multiplicative identity on £, thatis x-I, = I, x = x,
forallx £

the diagonal matrix of order n, whose diagonal
entries are “1.”

Additive identity on £, that is, x + O;= x = O + x,
forall x £

the set of all m xn matrices over £
the set of all n xn matrices over £
the set of all / x m vectors over £

the set of all idempotent elements in £
={xet/ ¥ =x)

the set of all m x n matrices over DL
the set of all n x n matrices over DL
the set of all 1 xn vectors over DL

the span of a set §

basis



AD) : power set of D

N, : the set of all positive integers / to r
ForA ¢ £,
AT : the transpose of A
Ajx : the ith row of A
A : the jth column of A
A : the g-inverse of A, that is, a solution of the matrix

equation AYA = A.

At : the Moore - Penrose inverse of A

Afl} : the set of all g - inverses of A

RA) : the row space of A = {y=xA, for xe £"}

aA) : the column space of A = { y:xAT, forx €£"}

L£/(A) : the row rank of A

LAA) : the column rank of A

HAA) : the rank of A

Q(Ab ) : the solution set of xA = b, where A ¢ £, and
bef"

AOB : entrywise (Schur (or) Hadamard) product of

A and B that is, AQ B = (a;-b;)€ £,,, for
A= (a,-j) & £mn and B = (b,,) & £mn'

the Schur product of A = (q;) ¢ £, n times.



Basic Definitions and Preliminaries

In this section, basic definitions and results required on elements of a
semiring R are presented. Let R be any semiring with the least element denoted

as ‘0’ and the greatest element denoted as ‘I’ with respect to an order relation

(1% S )J'
Definition 1.2.1

A subspace of V" is a subset W of V" such that 0 ¢ W and for v,w ¢ W,

we have v+w e W.

Definition 1.2.2

A set S of vectors over a semiring R is independent if and only if each
element of S is not a linear combination of other elements of S, that is, no

element v ¢ S is a linear combination of elements in S| {v}.

If v £ is a linear combination of elements of S| {v/, then S is said to be

dependent.

Definition 1.2.3

A basis for a subspace W of V" is a smallest linearly independent set S of

vectors such that <§> = W, where <S> is the space spanned by the set S.

Definition 1.2.4

The row space ®R(A) of an m xn matrix A is the subspace of V" generated
by its rows. The row rank g, (A) is the smallest possible size of a spanning set
for the row space. The column space ({A) and column rank g.(A) are defined in

dual fashion. If row rank equals column rank, then it is called the rank of A and

is denoted as »(A).



Definition 1.2.5

For n x n matrices X,Y over a commutative semiring R we have the

following :
1) ARB < (JA)=(dB)
(ii) ALB & RA)=RB)

(iii) AHB < (A)=(B)and ®RA) = R(B)
Definition 1.2.6

For a matrix A in semiring R. Consider the following four equations:

(1) AXA=A (2) XAX =X (3) (AX)"= AX
(4)  (XA)' =XA

Here, A" is the transpose of A. X is said to be a 4 - inverse of A and
X ¢ A {1} if X satisfies 1-equation, where 4 is a subset of {1,2,3,4}. In particular,
if A = {1,2,3,4} then X is called the Moore - Penrose inverse of A and is denoted
as AT,

For A = {1}, A is regular, X € A{1} is called the g-inverse of A and A{1}

denotes the set of all g-inverses of A.

Remark 1.2.7

From the Definition (1.2.6), X¢ A {1,3} < X" €A"{1,4)
Lemma 1.2.8

Let R be any semiring. For A,B ¢ R,,,, we have the following :

(1) R(B) c R(A) <> B = XA for some X € £,
(i1) AaB) c ((A) < B=AY forsome Y €4£,.
Lemma 1.2.9

Let R be any semiring. For A,B ¢ R,,,, we have the following :

(1) RAB) < R(A) B S R(B)
(ii) (AB) < ((A)



Lemma 1.2.10

Let R be any semiring and A,B ¢ R,,. If A is a regular matrix then the

following hold:
@) R(B) cRA) <> B=BAAforeachA ¢A (1)}
(i1) (B)c((A) & B=AABforeachA ¢A{l}
Definition1.2.11

A nonempty set £ with two binary operations + and - is called an incline
if it satisfy the following conditions (We usually suppress the ‘dot’ in x-y and

write as xy)

@) (£, +) is a semilattice.
(i)  (£-)1s a semigroup.
(iil)  x(y+z) = xy+xz for all x,y,z € £.

(iv) x+xy=xandy+ xy=yforallxye £

Since an incline £ is a special type of a semiring and a generalization of
the Boolean and Fuzzy algebra, the above definitions and results on a semiring

remain valid for matrices over an incline £.
Definition 1.2.12

For x,y ¢ £, the order relation “<” is defined as x <y & x+y = y.
From the incline axiom (iv), the order relation “<” has the following
properties;
x+y>x and x+y >y forx,y ¢ £ — (1.2.1)
xy <xandxy <yforxyef — (1.2.2)
which are called as Incline Properties.

Definition 1.2.13

Let A = (ay) ¢ £, and B = (b;j) ¢ £,,. A is said to dominate B, that is,
A > Bif and only if a; > b;; for all i and j.



Proposition 1.2.14
Forany A = (a;) ¢ £,,, and B = (b;) ¢ £,,,, for all i and j.

Then A SB @aij Sby
<~ A+B =B.

Definition 1.2.15

The multiplicative identity 1. on £, is defined as x/, = I, x = x, for all
x £

The additive identity O, on £, is defined as x + O,= x = 0, + x, for all

xedf.

Definition 1.2.16 [19]

An incline £ with additive identity O, and multiplicative identity /. is
called an integral incline if there do not exist non zero elements x and y in £

such that xy = Oy and x+y = I
Definition 1.2.17

A set § is said to be a comparable subset of an incline £ if and only if the

elements of S are comparable, that is, either x <y (or) y <x for each x,y ¢ S.
Definition 1.2.18

a ¢ £ is said to be regular if there exists an element x ¢ £ such that
axa = a. Then x is called a g-inverse of a and a{l} denotes the set of all

g-inverses of a.
Proposition 1.2.19 [40]

An element a ¢ £ is regular if and only if a is idempotent if and only if

a =a.
Proposition 1.2.20

An incline £ is regular if and only if each element of £ is regular, if and

only if DL = £.

10



Proposition 1.2.21 [40]

A commutative incline £ is regular if and only if £ is a distributive

lattice.
Lemma 1.2.22[40]

Let a ¢ £ be regular. Thena = ax = xa for all xe a {1}.
Proposition 1.2.23 [40]

For a regular element a ¢ £, a is the smallest g - inverse of a, that is,

a<xforallxea{l}anda{l,2} =a.
Definition 1.2.24

A basis C over the incline £ is a standard basis if and only if whenever

¢; = 2aycjfor ¢;, cje Cand ;¢ £ then a;;¢; = c;.
Theorem 1.2.25 (p.38,[11])

Every subspace of a finite incline whose idempotent elements are

linearly ordered has a unique standard basis.
Definition 1.2.26

A subspace W of £" is a retract of £" if there exists an idempotent matrix
X ¢ £, such that (£') X = W.

Proposition 1.2.27
For an idempotent matrix E,R(E) = (£") E.

Definition 1.2.28

Let A = (ay) € £, and B = (by;) ¢ £,; then the product AB = § is defined
as AB = Yy_iauby = s; for all i and j, where ‘2’ denotes the addition

operation on £.

Definition 1.2.29 [19]
A matrix A ¢ £, is invertible <> AX = XA = (1), for some X ¢ £,.

11



Definition 1.2.30 [19]

An incline £ with the additive identity “0O,” and a multiplicative identity
“l¢”, amatrix P ¢ £, 1s called a permutation matrix if it has exactly one entry

equals “I,” in each row and each column of P and all other entries are “0,”.

Theorem 1.2.31 [11]
Let £ be an incline whose idempotent elements are linearly ordered. Let
A ¢ £, be a regular matrix, whose non zero rows form a standard basis. Then A

has a g-inverse which is a permutation matrix.
Definition 1.2.32 [18]

For a matrix A€ £, then we have the following:

(1) Reflexive A>1,

(i1) Symmetric A=A"
(iii) Idempotent A=A’
(iv) Transitive A’ <A

12



1.3. Motivation

» Regular rings are important in many branches of mathematics, and
especially in matrix theory, since the regularity condition is a linear
condition that solves linear equations and takes the place of canonical
decompositions. This motivated us to study on regular matrices over an
incline as a development of the work of Cao, Kim and Roush
[11,18, 19, 20, 27] and as a generalization of the results in Fuzzy algebra,

in particular, fuzzy matrices [28,36].

» 1In [40], it is proved that for a regular element a in an incline a {1,2}=a,
that is, a is the only solution for the equations axa = a and xax =x.
However, this need not be the case for matrices over an incline. This
motivated us to study on various g-inverses of a matrix over an incline as a
generalization of the results found in [13, 28, 36]. We have initiated with
a study on regularity of matrices over an incline analogous to that of

complex matrices studied and developed by C.R.Rao [41].

» In our study on matrices over an incline, we are confined to the following

three main classifications of an incline.

Regular
(1) Incline <
Non regular
Commutative
(ii) Incline <
Non Commutative
Whose elements are all linearly ordered
(i11) Incline

Whose elements are all not linearly
ordered

In general, there is no inter-relation between these three classifications.
We have observed that a regular incline whose elements are all linearly ordered

is commutative and hence a distributive lattice.

13



» We exhibit that the greatest element coincides with the multiplicative
identity for a regular incline, that is, for an incline whose elements are all
idempotent. We observe that if the multiplicative identity of an incline
exists, then it coincides with the greatest element. This motivated us to
study on regularity of matrices over a non regular incline without

multiplicative identity and with the greatest element.

1.4. Summary of the results
A short account of the results obtained in this thesis is given.
Vector spaces over an incline

We prove that every finite subspace generated by the linearly ordered
elements in an incline has a unique standard basis. This leads to the existence
of a unique standard basis for every finite subspace of a regular incline whose
elements are all linearly ordered and thereby we disprove the result of Cao
[27], that is, “Every subspace of a finite incline whose idempotent elements are
linearly ordered has a unique standard basis”. We have introduced the concept
of space factorization for matrices in an incline. We have discussed the full row
space factorization, the full column space factorization and full space
factorization as a generalization of the results on fuzzy matrices found in [39],
which forms a part of the author’s paper appeared in “The International Journal
of Computational Cognition”. We exhibit that, in the incline £, the greatest
element ‘/’ is the multiplicative identity for the elements of DL. In particular,
for a regular incline £, DL coincides with £ and ‘I’ coincides with the
multiplicative identity “/,” of £.We have discussed the invertibility of matrices
over DL, the set of idempotent elements, in an incline £ and for matrices over
an integral incline. In particular, for matrices over special types of inclines
such as regular incline whose elements are all linearly ordered, for distributive
lattice whose elements are all linearly ordered, our results reduce to the results

established in [11, 19, 20]. We have discussed the structure of Range
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symmetric incline matrix, a special type of incline matrix, which is a

generalization of invertible matrix over an incline.
Regular matrices over an incline

We observe that a regular incline £ whose elements are all linearly
ordered is commutative and the operations on £ reduces to the max-min
composition. Equivalent conditions for regularity of a matrix over an incline
with linearly ordered idempotent elements are obtained, which include as
special cases for matrices over a regular incline whose elements are all linearly
ordered and for matrices over a distributive lattice whose elements are all
linearly ordered [19,27] and as a generalization of the results found in [13,28].
The contents form a part of the material of the author’s paper appeared in “The
International Journal of Computational Cognition”. We have discussed the
regularity of matrices over an incline in terms of full row space, full column
space factorization and studied the properties of g-inverses of matrix over DL.
An algorithm is given in [27] to determine the regularity and finding g-inverses
for matrices over an incline in which idempotent elements are linearly ordered.
In step 1 of the algorithm, one has to check the maximal element row by row,
which cannot be applied when elements are not comparable. We provide an
algorithm for matrices over a regular incline £ whose elements are not linearly

ordered and illustrated with suitable examples.

Generalized Inverses of Incline Matrices

We have discussed the existence and construction of various generalized
inverses associated with a matrix over an incline whose elements are all
idempotent as a generalization of the results available in the literature [28]. A
formula is provided to compute the Moore - Penrose inverse of an incline
matrix. We have determined the characterization of various g-inverses
associated with a regular matrix over an incline. These results are based on the
author’s paper appeared in the journal of “Advances in Algebra” We have
discussed the characterization of range symmetric matrix involving various

g-inverses.
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Incline Relational Equations with Applications

We have discussed the consistency of incline relational equations, that
is, equations of the form xA=b, where A is a matrix and b is a vector over an
incline. We have determined the existence of the maximum solution of xA=b
under the condition that each column of A 1is comparable with the
corresponding component of the vector b in £. This leads to the structure of the
solution set Q(A,b), where A is a matrix over special types of inclines such as
incline whose elements are all linearly ordered, incline whose idempotent
elements are all linearly ordered, a regular incline whose elements are all
linearly ordered and a distributive lattice whose elements are all linearly
ordered. This includes the result found in [23, 42] as a special case for fuzzy
relational equations. By using the maximum solution of the incline relational
equation, we have discussed when a vector can be expressed uniquely as a
linear combination of the standard basis vectors. As a special case, we have
exhibited that each vector in a regular incline whose elements are all linearly
ordered has a unique decomposition as a linear combination of its standard
basis vectors, which we call as standard incline linear combination. This is a
generalization of standard linear combination of a vector over the max-min
Fuzzy algebra [37]. We apply our results on regularity of matrices over an
incline in the determination of the equivalence of finite state machines in
Automata. We have highlighted an application of incline matrices over the
incline £ under the operations addition as supremum and usual multiplication in
Cryptography for encryption and decryption based on McEliece scheme [34].
The concept itself is illustrated with the help of a simple situation and the

validation of mathematical experimental verification is provided.
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CHAPTER 2

VECTOR SPACES OVER AN INCLINE

In this Chapter, we prove that every finite subspace of DL", the space of
vectors of idempotent elements over a finite incline £ whose idempotent
elements are linearly ordered has a unique standard basis. This leads to the
existence of a unique standard basis for every finite subspace of a regular
incline whose elements are all linearly ordered and thereby we disprove the
result of Cao [11], that is, “Every subspace of a finite incline whose idempotent
elements are linearly ordered has a unique standard basis”. We have introduced
the concept of space factorization for matrices over an incline. We have
discussed the full row space factorization, the full column space factorization
and the full space factorization as a generalization of the results on fuzzy
matrices found in (p.24, [36]). We have obtained the relation between the
greatest element ‘/’ of an incline and the multiplicative identity “/,” of an
incline £. We exhibit that, in an incline £, the greatest element ‘I’ is the
multiplicative identity of the elements of DL. In particular, for a regular incline
£, DL coincides with £ and therefore ‘/’ coincides with the multiplicative
identity “I/,” of £. On the other hand, for any incline £, that has the
multiplicative identity “I.”, it coincides with the greatest element ‘/’ (refer
Example (2.1.8)).we have discussed the invertibility of a matrix over DL. We
have introduced the concept of range symmetric incline matrix analogous to
that for complex matrices (p.163, [5]) and as a generalization of range

symmetric fuzzy matrices (p.118, [36]).
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2.1. STANDARD BASES

In this section, we prove that every finite subspace of DL" over a finite
incline £ whose idempotent elements are linearly ordered has a unique standard
basis. As a special case, we deduce that every finite subspace of a regular

incline whose elements are all linearly ordered has a unique standard basis.

Definition 2.1.1

A subincline of an incline £ is a subset closed under the incline

operations addition and multiplication.

Definition 2.1.2
A basis C over the incline £ is a standard basis if and only if whenever

¢; = 2a;cjfor ¢;, cje Cand ;¢ £ then a;; ¢; = ¢;.

Just for sake of completeness we shall prove the following Theorem for

a non commutative incline which has been proved for a commutative incline in

(p.36, [11]).

Theorem 2.1.3

In a finite incline, for any basis B, there exists a standard basis of the

same cardinality as 3 and same spanning set.

Proof

Let us assume that C is not a standard basis for B, that is, by Definition
(2.1.2), if x; = 2 cx; for some k, then x; # ¢, x;. Hence by Incline Property
CiXx < Xpe

Let C’ be the set obtained from C by replacing x; by ¢; x;. Then C” has
the same cardinality as C, |C| = |C'|. Let us define the weight of C as the sum

of all the elements of C. Therefore, weight of C” < weight of C.

The set C” spans the same space, since x; = X cxx; there is no other x;
will be dependent. If ¢; x; is dependent, then x;, =2 cx;. If C” is a standard basis,

then the result holds. If not, then repeat this process. Hence after a finite
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number of steps this process will terminate, and thereby B will have a standard

basis.
Lemma 2.1.4

In a vector space over a finite incline, if x = X¢;x, then for some n,

x = X c'x where ¢} is idempotent.
Proof

Since x = X' ¢; x, take ¢ = Zi-‘zl ¢; then by using the incline axiom (iv) of
Definition (1.2.11) repeatedly in x= cx we get x = ¢'x = ¢**'x. By using Incline
Property (1.2.2), we get c>c’>c’> ... "> ... Since £ is a finite incline, ¢” is

idempotent for some n. -(2.1.1)

Again by using Incline Property (1.2.2), for ¢ = >¥_, ¢, we get ¢ >¢;

for each i=1I to k. Hence, c>¢;>c{ >....> c’? > .., for a finite incline, c"i” is

idempotent for some m; and for each i=1 to k. -(2.1.2)
From (2.1.1) we get ¢" = ¢ and from (2.1.2), "= cle,
M2 = M2, e = ¢*T and ¢> ¢™ for each i=1 to k. Choose the power of ¢

which is the maximum of m; for each i=1 to k.

Hence x = X' ¢} x where ¢} is idempotent for some n >1.

Lemma 2.1.5

Let x be a member of a standard basis of DL" over a finite incline £
whose idempotent elements are all linearly ordered. If x = X' y; for y; in the
space spanned by the standard basis of a finite subspace of DL" then

x =y for some k.
Proof

Let {x;, x5 ,...., xi/ be the standard basis of DL" and x=x;. Write

i = 2j ¢j x;. Then x = Xy; = X; (2, ¢; ) x; and by Lemma (2.1.4), we get

x =2 cl.';x, where cﬁ is idempotent. Since the elements of DL are linearly
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ordered, let c].n1 be the largest. Then x = c;llx. By using Incline Properties (1.2.1)

and (1.2.2), x =2y; =x>y;andy; = Zc;j x =x >y; ch"lx = x. Hence, x=y;.

Theorem 2.1.6

Let £ be an incline whose idempotent elements are all linearly ordered

then any finite subspace of DL" has a unique standard basis.
Proof

Let {x}, x5,...,x¢} and {y,,y,, ...,y;} be the distinct standard basis of a finite
subspace of DL". For any x; we have x; = 2 ¢y, for some c;. Then by Lemma
(2.1.5), x; = cyyi for some k. In the same manner, y; = dj; x; for some j. If i7j,
then x; would be dependent. Hence, x; = cy yx = cudix; by Lemma (2.1.4),

cgcd;lj x; = x;. This proves the uniqueness of the standard basis.

Remark 2.1.7

In the above Theorem (2.1.6), the condition that any subspace of DL" is

essential. This is illustrated in the following example:
Example 2.1.8

Let us consider the incline £ = {0,a,b,c,d, 1}, lattice ordered by the
following Hasse graph. 1
Define £ x £ — £ as follows

difx, ye{l,bcd)} a c
Xy =

0 otherwise

0
In this finite incline, the only idempotent elements are 0 and d and they

are comparable. Since 0 = od and d = fd for o, ¢ £; {d} is the unique
standard basis for DL = {0,d}. Here {d} is not a basis for the subincline
I = {0,a,b,d,1}.For instance, b ¢ I, b # ad for all & ¢ £, therefore b cannot be
expressed as a linear combination of the elements of £.
This contradicts the Theorem (1.2.25) of Cao (p.38,[11]).
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Now we deduce the result of Theorem (2.1.6) for the following special

type of inclines.
Corollary 2.1.9

Every finite subspace of a regular incline whose elements are all linearly

ordered has a unique standard basis.
Proof

Since £ is a regular incline by Proposition (1.2.20) each element of £ is
idempotent, hence DL = £. Then the rest follows from Theorem (2.1.6) under

the condition that all elements are linearly ordered.
Remark 2.1.10

Since by Proposition (1.2.21), a commutative regular incline is a

distributive lattice and DL = £, Theorem (2.1.6) reduces to the following:
Corollary 2.1.11

Every finite subspace of a distributive lattice whose elements are all

linearly ordered has a unique standard basis.
Remark 2.1.12

For a Fuzzy algebra with support [0,1] under the operation max-min (or
min-max) the elements are all idempotent and linearly ordered. Hence Theorem

(2.1.6) reduces to the following result due to Kim and Roush [28] (p.8,[36]).
Corollary 2.1.13

Any finitely generated subspace of a Fuzzy algebra has a unique

standard basis.
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2.2. Rank and space factorization

In Section 2.1, we have established that the cardinality of all bases of a
finite dimensional subspace of an incline is independent of the choice of basis,
and this leads to the notion of rank of a matrix over a finite incline [27]. In this
section, we have discussed the rank factorization of a matrix over an incline
and derived some basic properties as a generalization of the results for fuzzy
matrices proved in [39] and illustrate with suitable examples. We have
introduced the concept of space factorization for matrices over an incline and

derived some basic properties and illustrate with suitable examples.
Definition 2.2.1

For A ¢ £,, The row rank pJ(A) is the smallest possible size of a
spanning set of ®(A). The column space ((A) and column rank p.(A) are
defined in dual fashion. Since (UA) = RA") , p(A) = p(A”).

Example 2.2.2

Let us consider the incline £ = {[0,1], sup (x,y), inf (x,y)}.

et A=(,, %Hes
Any element (x,y) in ®R(A) is of the form
(x,y) = 0(1,04) + p(0.4,0)fora, f e £
= (0,0(0.4)) + (B (0.4),0)
X = sup {o,p(0.4)}
y = a (0.4) = inf (0, 0.4)

Ifa>0.4theny=04and x = a.
Ifa <0.4theny=aand x <0.4.
Therefore, 0<y <0.4

Hence R(A) = {(x,y)|0 <y < x<0.4} U{(x,y)]|0.4 =y <x<I}
Here, A = A”. Hence C(A )= ®R(A) and
PAA) = pA) = 2.
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Definition 2.2.3

Let A ¢ £,,. The factor rank pr(A) is the smallest integer ¢ such that
A = BC where B ¢ £,, and C ¢ £,,. This decomposition is called the factor rank

factorization and oy (A) = 1.

Example 2.2.4
Let us consider the incline £ = {0, a, b, ¢, d, 1} in Example (2.1.8).
_(d d
Let A= (d d)g£2

— (1 -
a=(,) ® o=5C
Clearly, A= BC is the factor rank factorization of A and py(A) = 1.
Remark 2.2.5

The row rank, column rank and the factor rank of a zero matrix is zero.

For a finite matrix A, p, (A) is the maximum number linearly independent rows

of A.
Definition 2.2.6

Let A ¢ £, with p(A) = r. Then there exist matrices B ¢ £,,, and C ¢ £,
such that p(A) = p,(C)=r and A =BC. This decomposition is called a row rank

factorization of A.

Definition 2.2.7
Let A ¢ £,, with p.(A) = s. Then there exists matrices B ¢ £, and
C ¢ £, such that p.(A) = p(B) = s and A=BC. This decomposition is called a

column rank factorization of A.
Definition 2.2.8

Let A ¢ £, with p(A) = p(A) = p(A) = r, then there exists matrices
B¢ £, and C ¢ £, such that A = BC and p(A) = p(B) = p(C) = r. This is

called a rank factorization of A.

23



Example 2.2.9
Let us consider the incline in Example (2.2.2).
1 08 0
Let A=108 07 0
0.7 06 O
(0.8,0.7, 0.6)" and (1, 0.8, 0.7)" are linearly independent. Hence p.(A) = 2.

Each row of A is not a linear combination of the other two rows, that is,

all three rows are linearly independent. Hence p,(A) = 3.

1 0.8
A = <0.8 0.7) (017 8'3 8) - BC
0.7 0.6 ' '
Where, B ¢ £3, and C ¢ £,3; A = BC is the factor rank factorization. Hence

p(A)=2.

Therefore p(A) = p.(A) = 2 and p(A) = 3. The decomposition A =BC
with B ¢ £3, C ¢ £531s a column rank factorization and also the factor rank

factorization. However, A = BC is not a row rank factorization.
Remark 2.2.10

For field based matrices A,B if RA) < R(B) and ranks are equal then
®R(A) = R(B). However, this fails for fuzzy matrices and thereby fails for

matrices over an incline. This can be seen by the following example:
Example 2.2.11

Let us consider the incline £ = {0, a, b, ¢, d, 1} in Example (2.1.8).

Let A =(Z Z)gfzandB=(; g)afz
C Y- o

Hence by Lemma (1.2.8), R(A) € R(B).
Here, (1,b) # a (d,d) + p (d,d) for a, f ¢ £.
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Therefore, 1% row of B is not a linear combination of the rows of A.
Thus RB)E RA) and p(A) = p(A) = 1, p(B) = p(B) =2 and
pAX) =p(X)= 2. Thus p(A) # p(B) and p(A) # p.(X). Hence A = XB is
neither a row rank factorization nor a column rank factorization.

Definition 2.2.12

For vectors u ¢ £" and v ¢ £ the cross vector c(u,v) is the matrix

A = (a;) € £,, such that a; = u;v; thatis, A = v
Lemma 2.2.13

A non zero matrix A is a cross vector if and only if p,(A) = I if and only

if p.(A) = 1 if and only if p(A) = 1.
Proof

If A is a cross vector, then by Definition (2.2.12), A = v'u. Since A is
non zero matrix, ¥ and v are non zero vectors. Hence p,(u) = p(v) =1 and

p.(v') = 1. Therefore, p,(A) = p(A) = 1.

Conversely, if p(A) = I, then by Definition (2.2.6), A has a row rank
factorization of the form A=BC where B’ and C are row vectors. Hence A is a
cross vector. Similarly when p.(A) = I. By Definition (2.2.12), A is a cross
vector. Again if A is a cross vector, then A = vlu is a factor rank factorization

of A and p(A) = 1.

Conversely if p(A) = 1, then A has a factor rank factorization of the

form A = BC with B and C as row vectors. Thus A is a cross vector.

25



Now we shall see the properties of the factor rank and its relation with

row rank and column rank of incline matrix.

Proposition 2.2.14

Let A ¢ £,,,. The factor rank p(A) satisfy the following properties :

(1)
(i1)
(iii)

(iv)

Proof

(1)

(ii)

(111)

(iv)

p(A) <min {p,(A). pA)]

PAPAQ) < p(A), if the matrix PAQ is defined

P(A) is the smallest size of a set S of vectors such that
RA) c<5>

P(A) is the least number of rank / matrices whose sum is A.

Let p(A) =r, then A has a row rank factorization A=BC with
p(A) = p(C) =1, Be £, and C ¢ £,,. Then by Definition (2.2.3),
p{A) <p(A). Similarly, by Definition (2.2.7), pf(A) < pJ(A).
Therefore, p(A) <min {p(A), p.(A)}. Thus (i) holds.

Let p{A) = t, then by Definition (2.2.3), ¢ is the least integer such
that A=BC with B ¢ £,,, C ¢ £,, is the factor rank factorization of A.
Then for P ¢ £,,, Q ¢ £,, PAQ = (PB) (CQ) = VW, where V ¢ £,, and
We £, Q¢ £,, Thus we have decomposition for PAQ. Therefore by
Definition (2.2.3), pr (PAQ) <t = p(A). Thus p;(PAQ) < p(A) and
(ii) holds.

By Definition of factor rank, A=BC is a decomposition with B € £,
and C € £,, where t is the smallest integer. By Lemma (1.2.9),
R(A) = R(BC) < R(C) = <S> where S is the smallest spanning set of
®R(C). Thus (iii) holds.

Let s be the least number of rank / matrices A;’s such that
A = Aj+A, + ... +A,. Since each A; is of rank /, by Lemma

(2.2.13), each A, is a cross vector, that is, there exist vectors v; & £"
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and w; ¢ £ such that A; = vf w; for each i=/ to s. Let V ¢ £,, and
W ¢ £, be defined such that the ith column of V is vf and ith row of
W is w. Then A= VW is a factor rank decomposition, that is,
pAA) = s. Thus (iv) holds.

Corollary 2.2.15

Let A ¢ £,, and B ¢ £,,. Then the following hold:
@) pr(AB)  <min {pfA). p(B))
(i) pfAB)  <min {p{A), p.(B))
(i)  pAAB)  <min {p[(A), p(B), p(A), p(B)}

Proof

(1) PAAB) < pAA) (by Proposition (2.2.14 (ii))
< pA(A) (by Proposition (2.2.14 (1))

PAAB) < pAB) (by Proposition (2.2.14 (i1))

< pAB) (by Proposition (2.2.14 (1))

Hence p; (AB) <min {p(A), p{B)}. Thus (i) holds.

(i)  Similarly (ii) can be proved that p(AB)< min {p(A), p.(B)}
and (ii) holds.

(iii))  This is directly follows from (i) and (ii).

Corollary 2.2.16

ForA ¢ £, B ¢ £,,

(1) if p(AB) = p(AB) then p,(AB) <min {p(A), p(B)}
(i1) if p.(AB) = ps(AB) then p(AB) <min {p(A), p.(B)}
Proof

This follows from Corollary (2.2.15).
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Corollary 2.2.17

ForA ¢ £,
pHAAT) < min {p(A), p(A)}
pAATA) < min {pA), p(A)}

Proof

This follows from Corollary (2.2.16), by replacing B by A" and using
piAT) = p(A).

Definition 2.2.18

Let A ¢ £,,. If A= BC such that ® (A) = ®(C) ((({A) = ((B)) then it is
said to be a full row (column) space factorization of A. Further, if A = BC

with ®R(A) = R(C) and ({A) = ((B) then it is said to be a full space factorization.

Example 2.2.19

Let us consider the incline £ = {0,a,b,c,d, 1 } in Example (2.1.8).

Let A= (3 g) ¢ £, B=(Cli 8) ¢ £,
and C= (g 8)8;62.

Then A = BC, by Lemma (1.2.8), ®A) < ®(C) and ((A) < ((B). Here,

1 0

o );ﬁ AX forall X ¢ £,

Therefore, by Lemma (1.2.8), ®R(C) €(A) and (B)Z(A). Thus
R(A) # R(C) and ((A) # ((B). Hence A=BC is neither a row space factorization

nor a column space factorization.
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2.3. Zero Patterns of Incline Matrices

In this section, we shall discuss the relation between the greatest element
‘I’ of an incline and the multiplicative identity “/,.” of an incline £ and then

we derive some basic properties of zero patterns of a matrix over an incline.
Definition 2.3.1

Let x,y ¢ £ if x <y for all y ¢ £ then x is called the least element and
denoted as ‘0’. If x >y for all y ¢ £ then x is called the greatest element and
denoted as ‘/°.

Proposition 2.3.2

In an incline £, Zero element of £ coincides with least element of £.

Proof
0 is the least element of £
& 0 <x for all x € £ (by Definition (2.3.1))
& Ox = x0=0 for all x £ £ and

0 + x = x+0 = x (by Incline Property (1.2.2) and by Definition (2.3.1))

< 0 1s the zero element of £.
Proposition 2.3.3

If an incline £ has the multiplicative identity “/,” then it coincides with

its greatest element ‘/’.

Proof

By Definition (1.2.15) of 1, 1zx = xI; = x, for all x £ £. —(2.3.1)
By Definition (2.3.1), x </, for all x £ £. —(2.3.2)
From (2.3.1), (2.3.2) and by Incline Property (1.2.2), we have
I=1;1<1;<1=1=1g
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Example 2.3.4

Consider the incline £ = {[0,1], +, -}, where + is the maximum and - is
the usual multiplication. In this incline, / is the multiplicative identity as well

as the greatest element, that is, 1, = 1.

Remark 2.3.5
In an linearly ordered incline, if the multiplication operation is the
minimum, that is, xy = min {x,y} then the greatest element ‘/’ reduces to “I.”,

for x € £, x <1 implies xI = x = Ix for all x £ £ which implies 1 = /..

Remark 2.3.6
The converse of Proposition (2.3.3) need not be true. This can be seen

from the following example:

Example 2.3.7
In Example (2.1.8), I is the greatest element but it is not the

multiplicative identity, since, /x # x, for all x £ £.
Lemma 2.3.8

In the incline £, the greatest element ‘7’ is the multiplicative identity for
elements of DL. In particular, for a regular incline £, ‘I’ coincides with the

multiplicative identity “/.” of £.

Proof
Let a be an arbitrary element of DL, then a is idempotent. By Incline
Property (1.2.2)
a=d"=aa<al <a =a=al.
Similarly, a =a’ =aa<la<a =a=la.
Thus, al = la=a for all a ¢ DL. I is the multiplicative identity for the elements

of DL.

For a regular incline, by Proposition (1.2.20) DL= £, 1 is the

multiplicative identity of £.
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Remark 2.3.9

We observe that, in general, 1 is the multiplicative identity of DL need

not imply DL = £ and I € DL. This can be seen by the following example:
Example 2.3.10

For the incline £ in Example (2.1.8), 0 is the least element and / is the
greatest element of £, DL = {0, d}. Therefore, £ is not a regular incline. / is the
multiplicative identity for DL and /¢ DL. Here, £ has no multiplicative

identity. For instance a £ £, al # a.
Lemma 2.3.11
In an incline £, whose elements are all linearly ordered then for a,f,y € £

6) if a + >y then either a >y (or) f >y
(i)  if off >y then either a >y and f > y.

Proof

(i) Leta+p>yifa<yandpf <ythena + <y +y =7y Whichisa
contradiction. Therefore either a >y (or) f >y. Thus (i) holds.

(i) Letoaf >y ifa<yorf <y thenaff <a <y (or) aff <f <y. Which

is a contradiction. Hence a >y and £ >y. Thus (ii) holds.

Proposition 2.3.12

If £ be a regular incline whose elements are all linearly ordered then £ is

commutative.

Proof

For x, y £ £, either x <y (or) y <x. If x <y then by Proposition (1.2.23),
v€x {1} and by Lemma (1.2.22), xy = yx =x (or) if y < x, then in the same

manner, we get yx = xy = y. Thus in either case, £ is commutative.

31



Lemma 2.3.13

Let £ be a regular incline whose elements are all linearly ordered. For

o, ek, a<pf Sa+p=pFaf=a.
Proof

For o,f € £, by incline order relation, o < < a + f = . By multiplying
a, on both sides yields, @’ + af = af which implies by Proposition (1.2.19) that
o + a f = of, again by incline order relation it follows that a < af. By incline

Property (1.2.2), af <a, hence we get aff = o.

Henceforth, let us consider the incline with zero element denoted as ‘0’
and greatest element denoted as ‘/’ and which has no multiplicative identity.
For, if it has a multiplicative identity “/.” then it coincides with the greatest
element by Proposition (2.3.3). The greatest element ‘7’ is the multiplicative
identity of DL and by Lemma (2.3.8.) for a regular incline / = I, that is, ‘I’

coincides with the multiplicative identity “/,”.
Definition 2.3.14

Let £ be an incline whose elements are all linearly ordered with least
element 0 and greatest element 1. For A = (a;) ¢ £, and «a ¢ £, the zero pattern

A, of A is defined as

] lf ai/'z o
Aa ij = ‘
(Ad)i 0 otherwise

Let ¢, denotes the set of all non zero entries of A then for each

o ¢ @4, the zero patterns A, of A is the matrix, whose entries are 0 and /.
Remark 2.3.15

The elements of £ to be linearly ordered in £ is essential. This is

illustrated in the following example:
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Example 2.3.16

Let us consider the incline £ = (A D), M), D = {a,b,c}, where ®&D) is

the power set of D and set inclusion as the order relation “<”.

Here, the incline £ is regular whose elements are all idempotent but
elements are all not linearly ordered. For instance, the elements {a/, {b} and
{c} are not comparable. Hence the zero patterns are not defined for all matrices
over £.

For instance, A = (?3 ;Eg), has no zero pattern.

Proposition 2.3.17
Let £ be an incline whose elements are all linearly ordered. Let A ¢ £,

@4 be the set of all non zero entries of A. Then for a > f ¢ ¢, the zero patterns

A, <A
Proof

Let Aa = (Aa)L/ and Aﬂ: (Aﬁ)l, if (Aa)ij = 0 then (Aa)L/ < (Aﬂ),, If (Aa)ij =1
then by Definition (2.3.14), we have a; > a > = (Ag); = 1. Thus (A,); (Ap);
for all i and j. Hence A, <A for all a > f.

Theorem 2.3.18

Let £ be an incline whose elements are all linearly ordered. Let A ¢ DL,,,,

and ¢, be the set of all non zero entries of A. Then A = Z“£¢A alyg.

Proof

Let A = (a;;) ¢ DL,,, and B = Z“€¢A aA,. We claim that B = (b;;) € DL,
By Definition (2.3.14) of A, (A,); =1 (or) 0; according as a; > a (or) a; <a.
Since A € DL,,, and by Lemma (2.3.8), / is the multiplicative identity of DL.
Hence /a = a, for a €¢s. Thus B €DL,,,.
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If B = (b;;) ¢ DL, then it is enough to show that a;; = b;; for all i,j. Since
a; € Pu, a;; is the (ij)th entry of a A, for some «, one of the summands of B.
On the other hand, 0% b; = (Za£¢A aAa),'j = Yaeg, (i)th entry of (aA,)
= Yaeg, (i)th entry of A,
= a(or)0 for a&@,
= a;;, for all i,j
We have b= ay, for all i, j.
Hence A =Z“€¢A al,.

Remark 2.3.19

In Theorem (2.3.18), the condition A & DL,, is essential. This is

illustrated in following example:
Example 2.3.20

Consider the incline £ = {0, a, b, 1}, lattice ordered by the following
Hasse diagram.
)i Define £ x £ — £ as follows

{aifx,ye{a,b,]}
y:

0 otherwise

Where the addition (+) and multiplication (-) is defined as in the

following table:

SIS IS

QXN IO
QQNR DS~

~ IS S S S
~N NN N~

~|> o [+
~|>[2 (o]

~( SR QR
~ SR (O
Q QRO

In this finite incline the elements are all linearly ordered and DL = {0, a/.
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Let A = (g ll)) Ef,,and @4 = {a,b,1} be the non zero entries of A.
ao=( 1) i =( o)
a=(p 1) o = (g )
g =y o) i =(p o)

a a a 1
ZawA al, = (0 a) # (0 b) = A. Here, B = Z“€¢A aA, and A are not

comparable.
Thus Theorem (2.3.18) fails.
Corollary 2.3.21

Let £ be a regular incline whose elements are all linearly ordered and

A €£,,, ¢ be the set of all non - zero entries of A. Then A = Y. . al,.

Proof

Since £ is regular incline by Proposition (1.2.20), each element of £ is
idempotent and therefore DL = £. Then the rest follows from Theorem (2.3.18),

under the condition that all elements are linearly ordered.
Remark 2.3.22

The expression A = Zae¢A al, is called the resolution of A. This can be

illustrated by the following example:

Example 2.3.23

Let us consider the incline £ = {[0,1], sup(x,y),min (x,y)}. £ is a regular
incline, since the elements are all idempotent. In this incline, the elements are

all linearly ordered.

0s D)

and ¢, ={0.3, 0.4, 0.5, 1} is the set of non zero entries of A.

LetA=( ¢ £
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Aos =(] 1)ed Ave =} 9)et
Aos =y 9)et A =g Vet
@8 ol

02 A0~5:(005 0(.)5) 4, = (8 (1))

Hence A=0.3A0.3 + 0.4A0.4+0.5A0.5+1A1.
Remark 2.3.24

Since by Proposition (1.2.21), a commutative regular incline is a

distributive lattice and DL = £, Theorem (2.3.18) reduces to the following:
Corollary 2.3.25

Let £ be a distributive lattice whose elements are all linearly ordered and

A €£,,, ¢ be the set of all non - zero entries of A. Then A =¥, . al,.

Remark 2.3.26

By Lemma (2.3.13), the incline operations reduces to the max-min
composition in £. Therefore Corollary (2.3.21), reduces to the result on zero

patterns of fuzzy matrix due to Kim and Roush [28].

Corollary 2.3.27

Let A € F,, and ¢ be the set of all non - zero entries of A. Then

A= . & 0A,, thatis, A is expressed as a fuzzy linear combination of its zero
A

patterns.
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Remark 2.3.28

For fuzzy matrices as in Boolean matrices, it is well known that A is
idempotent if and only if each zero pattern of A is idempotent, result due to
Kim and Roush [28], (p.43, [36]). However this fails for matrices over an

incline.

Example 2.3.29

Let us consider the incline £ = {[0,1], sup (x,y), (xy)}, where the

addition as maximum and usual multiplication.

05 03
0.4 0.7)8£2

Here, A® # A, A is not an idempotent matrix.

For this A, ¢4 = (0.3, 0.4, 0.5, 0.7}

LetA = (

The zero patterns are

Aps :(1 1)8552 Aoy :(1 (1))8£2
Aops :((1) (1))€£2 Az :(8 (1))8£2

Each zero pattern of A is idempotent but A is not idempotent.
Theorem 2.3.30

Let £ be an incline whose idempotent elements are linearly ordered.

A ¢ DL, is idempotent if and only if each zero pattern of A is idempotent.
Proof

Let us denote the distinct entries of A by {a;,a,,..., a;} and A; for i=1to k
be the corresponding zero patterns. With this notation, the resolution A is given

by

A = ﬁ;l aA; where each a; is idempotent
2
Then AT = (BEiaA) (T a4)
2 k k
= ?:1 a; A+ Zi:tj a;ajAjA;+ Zi:&j aja; Aj A,
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Suppose A;’s are idempotent, then

A® =( Z;{=1 a;A;) + Z}icij a;a;A; Aj+ Zlic:cj ajaA; A;

i=1 =1
By Proposition (2.3.17), A;’s are comparable, that is, for a; >a;, A; <A;.
Hence A;A; <A/ = A;and AA; <A = A, aa; < a; and a; < a;. Therefore for
a; > a; we have aaAA; < aA; and aja;A/A; <aA;. By Proposition (1.2.14),
aiaj AA; + ajA; = aA; and a,aAA; + aiA; = aA;. Adding up all these k equations
A =3k aA+ T aA = A

Thus A is idempotent. Converse can be proved in the same manner.
Theorem 2.3.31

Let A ¢ £, be an idempotent matrix. Let k be an integer with 7 <k <n.
Let A =( d;) be the matrix obtained from A = (a;;) by replacing the kth row A

of A with ay A~ Then A is also an idempotent matrix, p,(A) = p,( A) and
PAA) = pf A).

Proof
Since A is idempotent, A? = A, by Definition (1.2.28) of incline
composition.
Ay = Qi A + Djeie Ui Aje
= Ap+YjpagAj —(2.2.4)
A = kth row of A
= A A+
= i (A g +Zj;ek aijj*)
A = Al + X jog Qi Aje —(2.2.5)

Since @ = ay ai; and A« = Ajx for j#k.

For i #k, by (2.2.4)

Ai* = Ai* = ClikAk* + Zjik al'j A]*

=y (Ap + YjeragApe) + X G
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Ay Ak* + Z 2k d,] A~j* %(226)

ai = dlj for l?ék

(ij) th entry of A = (ij)th entry of A°
a; = Xp=1 Qi aij >a; ai; (by Incline Property 1.2.1)
a;j > Ay Gy
Since d; A+ > ay aA;, when i #k, we have (A)> = A. Therefore, A is

idempotent.

Further by (2.2.4) and (2.2.6), RA) < R(A) and by (2.2.5) and (2.2.6),
R(A) < R(A). Therefore, RIA) = R(A) and p,(A) = p(A).

Since ®R(A) = R(A), by Lemma (1.2.8), A = XA for some X ¢ £,. By
Proposition (2.2.14), pfA) < p(A). Again from ®R(A) < R(A), by Lemma (1.2.8),
A = YA for some Y ¢ £,. By Proposition (2.2.14), ps(A) < ps (A). Therefore
pAA) = pfA).

Hence the Theorem.

Theorem 2.3.32

Let £ be an incline whose elements are all linearly ordered. Let

A,B e DL, and a ¢ £ then (AB), = A, B,.
Proof

LetA = (a;) ¢ £,and B = (bj) ¢ £,

((AB),);j =1 = (AB); > a (by Definition (2.3.14))
= V=1 Quby > a
= apby > a for at least one k (by Lemma (2.3.11(1)))

= a; b;>a (say k=r).

Hence a;,b,; > o => a; > o and b,;> o for some r by Lemma (2.3.11(i1)).
By Definition (2.3.14), (A,);» = 1 and (B,),;=1
= Yr=1(Ad)i (B, = 1, since A,Be DL,, by Lemma (2.3.8), [ is

the multiplicative identity of DL.
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= (Aa Ba)tj :].
Similarly, if ((AB),);; =0 then (A, B,); = 0 can be proved.
Thus (AB), = A,B,.

Remark 2.3.33

In Theorem (2.3.32), the condition A,B & DL, is essential. This is

illustrated in the following example:
Example 2.3.34

Consider the incline £ = {0,a,b,1} in Example (2.3.20).

a b a 0

LetA=(1 a) ££, and B=(a a) £DL,

For A, ¢, = {a,b,1} and for B, ¢ = {a} are the non - zero entries of A
and B.
The Zero patterns of A,

R NP (PP L
The Zero patterns of B,
= )
We have, AB = (Z Z)
The Zero patterns of AB,
AB, = (1 1)

Therefore, AB, #A,B,. Thus Theorem (2.3.32) fails.

In particular, for a regular incline Theorem (2.3.32) reduces to the

following:
Corollary 2.3.35

Let £ be a regular incline whose elements are all linearly ordered. If

A,B ¢ £, and a ¢ £ then (AB), = A,B, .
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2.4. Invertible Incline Matrices

In this section, we shall discuss the invertibility for matrices over DL,
the set of idempotent elements. Let R,(£),G,(£) and P,(£) denotes the set of all
regular matrices, the set of all invertible matrices and the set of all permutation

matrices of order n over £ respectively.
Definition 2.4.1

A matrix P € £, is called a generalized permutation matrix if it has
exactly one entry equals the greatest element ‘/’, in each row and each column

of P and the remaining entries are the least element ‘0’.
Remark 2.4.2

Since by Proposition (2.3.3), for any incline with multiplicative identity
“1¢”, it coincides with the greatest element ‘/’. Hence the permutation matrix

= generalized permutation matrix. Thus the Definition (2.4.1) coincides with

the Definition (1.2.30).
Remark 2.4.3

We observe that, Generalized permutation matrix # permutation

matrix, this can be seen from the following example:
Example 2.4.4

In Example (2.1.8), £ has no multiplicative identity but it has the
greatest element ‘/’. P = ((1) (1)) is a generalized permutation matrix. By

Definition  (1.2.30), P is not a permutation matrix, since,

b V6 DG o
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Definition 2.4.5

Let £ be an incline with 0 and /. A € DL, is invertible if and only if there
exists X € DL, such that AX= XA= I,, the diagonal matrix whose entries are all

the greatest element ‘/°.

Remark 2.4.6
In particular for a regular incline ‘7’ coincides with the multiplicative
identity “I,.”, and hence I, = (I;),. The above Definition (2.4.5) reduces to the

Definition (1.2.29), invertible over £.

Example 2.4.7

In Example (2.1.8), lis not the multiplicative identity for £ and £, has no

permutation matrix.

. 1 0 0 1
For instance, P; = (0 1) e £,and P, =(1 O) et
are not permutation matrices in £,.

d 0
0 d

Here, P is not a invertible matrix.

d 0

P.P= PP, =( -

) ilzi(lf)zandP2P2T=P2TP2=( ) FLA( 1),

Remark 2.4.8

The existence of the multiplicative identity “/.”, in an incline has no
relation with the regularity of that incline. This can be seen from the following

example:

Example 2.4.9 (a)

Consider the incline £ = {[0,1], +, -}, where the addition is maximum
and usual multiplication. Here, ‘I’ is the multiplicative identity as well as the

greatest element. But, £ is not regular.

Example 2.4.9 (b)

Consider the incline £ = {[0,1], sup(x,y), min (x,y)}. In this incline / is
the multiplicative identity as well as the greatest element, that is, /, = / and
also £ is regular.
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Theorem 2.4.10

Let £ be an incline with 0 and I. Then A ¢ DL, is invertible
< AA" = A"A = I, where I, is the matrix whose diagonal entries are the

greatest element ‘/’ and the remaining elements are all zeros.

Proof

Since A ¢ DL, is invertible by Definition (1.2.29), AX = XA = I, for
some X ¢ DL,. Let A = (a;) and X = (x;). By AX = [, for any s,i,j (i#j),it is easy
to see that a; xy < Yg—qay Xy = O, that is, a; x; = 0. By XA=I, for any
I(1<i<n), Yp—1 Qi>Dii=1 Xua=1 and Y} _; xu>Dkoq Xaa=1,that is, Yp_; ar;

on B ) .
==1 Xy=1, since a; and x; are idempotent.

Now, by using Lemma (2.3.8), we get
—_ — n — n —_ n —_ —
ay = a1 = ay (Xi=1 Xx) = =1y Xk = Qy X + Xg=q A X = @y Xy + 0= a; x;;
— — n — n — n — —
= 0+a; Xji = Lk=1 QiXji + Qi Xji = Ljg=q Qg Xi = D=1 i) Xji = 1 X3t = X
k+*j

Hence X=A" and AA" = A"A = I. Converse is trivial.
Corollary 2.4.11

Let £ be a regular incline. Then A ¢ £, is invertible < AAT=A"A =1,
Proof

From Lemma (2.3.8), the greatest element ‘/’, is the multiplicative
identity for a regular incline and by Proposition (1.2.20), DL = £. Then the

result follows from Theorem (2.4.10).
Remark 2.4.12

Since for a regular incline £ whose elements are all linearly ordered the
incline operations reduces to max-min composition and by Lemma (2.3.13),

1¢ = 1, the Theorem (2.4.10) reduces to the result of Zhao [49] (p.32, [36]).
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Corollary 2.4.13

A be a matrix over the max - min Fuzzy algebra, then A is invertible <

A 1s a permutation matrix that is, G,(£) = P, (£).

Remark 2.4.14
We observe that if A ¢ £, is invertible matrix over a regular incline then

it need not be a permutation matrix. This is illustrated in the following:
Example 2.4.15

Let us consider the incline £ = (P (D), L,M) as in Example (2.3.16).

{a} {b} {c}
Let A= {b} {c} {a}|e£;
{c¢} {a} ({b}

Here, £ is a regular incline whose elements are all idempotent but the elements

of £ are not linearly ordered.

D ¢ ¢
Then AA" = A7A = ( ¢ D ¢) =1 ¢ £
¢ ¢ D

A is invertible but A is not a permutation matrix.
Definition 2.4.16

A pair of non zero elements x,y ¢ £ is called an integral pair if xy = 0 and

x+y = I, where 0 and I are the least and greatest element of £ respectively.

Definition 2.4.17
An incline £ with 0 and [ is called an integral incline if there do not
exist an integral pair, where 0 and / are the least and greatest element of £

respectively.
Lemma 2.4.18

If idempotent elements a,b ¢ £ are comparable then (a,b) is not an

integral pair.
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Proof
Since a,b ¢ £ are comparable idempotent elements, either a < b (or)b< a.

Hence a+b = b (or) a+b = a. —(2.4.1)

we claim that (a,b) is not an integral pair, for if a and b forms an integral
pair then a # 0 and b # O such that a+b = I and ab = 0. Hence by (2.4.1) it
follows that either b=1 (or) a=1, since a and b are idempotents by Lemma
(2.3.8), al = a and 1b = b. Substitute b = I (or) a =1 in ab = 0, then we get
O=ab = al =a = a=0 (or) O=ab = Ib=b = b=0. Which is a contradiction.

Hence the Lemma.
Theorem 2.4.19

Let £ be an incline whose idempotent elements are all linearly ordered.

Then DL is an integral incline.
Proof

Since the idempotent elements are all linearly ordered, by Lemma

(2.4.18), DL has no integral pair. Hence DL is an integral incline.

Remark 2.4.20

We observe that £ need not be an integral incline under the condition
that the idempotent elements are linearly ordered. This is illustrated in the

following example:

Example 2.4.21

Let us consider the incline £ = {0, a, b, ¢, d, 1} in Example (2.1.8).
Consider a,d ¢ £. Then ad=0 and a+d = 1. By Definition (2.4.17), it forms an
integral pair. Hence £ is not an integral incline. However, the subincline

DL = {0,d} is an integral incline as it has no integral pair.
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Remark 2.4.22

For a regular incline, since ‘/’ coincides with the multiplicative identity
“l¢” and whose elements are all linearly ordered then the Definition (2.4.17)
coincides with the Definition (1.2.16). Hence Theorem (2.4.19) reduces to the

following :

Corollary 2.4.23
Let £ be a regular incline whose elements are all linearly ordered. Then

£ is an integral incline.

Remark 2.4.24
In the above Corollary (2.4.23), the converse need not be true. This is

illustrated in the following example:

Example 2.4.25

Let us consider the incline £ = {/0,1], +, -}, where “-” denotes usual
multiplication and the elements of £ are all linearly ordered. For any pair of
non zero elements x and y such that xy # 0. Hence, there does not exists integral
pair and £ is an integral incline and elements of £ are linearly ordered but it is

not regular.
Remark 2.4.26

Since by Proposition (1.2.21) and Proposition (1.2.20), Commutative
regular incline is distributive lattice and DL = £, Theorem (2.4.19) reduces to

the following:
Corollary 2.4.27

Let £ be a distributive lattice whose elements are all linearly ordered.

Then £ is an integral incline.
Theorem 2.4.28 (Theorem (4.1) of [19])

Let £ be an incline. Then £ is a integral incline if and only if

G.(£) = P,(£) for any n (n>2).
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Theorem 2.4.29

Let £ be an incline whose idempotent elements are linearly ordered.

Then DL is an integral incline <>G,(DL) = P,(DL).
Proof

Since idempotent elements of £ are linearly ordered and by Lemma
(2.3.8), I is the multiplicative identity for DL, this equivalence follows from

Theorem (2.4.28).
Remark 2.4.30

For a regular incline, by Lemma (2.3.8), / is the multiplicative identity

for £, Theorem (2.4.29), reduces to the following result found in [19].
Corollary 2.4.31

If £ is a regular incline whose elements are all linearly ordered then £ is

an integral incline <& G,(£) = P,(£) for any n (n>2).
Corollary 2.4.32

If £ 1s a distributive lattice whose elements are all linearly ordered then £

is an integral incline <> G,(£) = P,(£) for any n (n>2).
Remark 2.4.33

In Corollary (2.4.31) and Corollary (2.4.32) the condition that the
elements are to be linearly ordered cannot be relaxed. This is illustrated in the

following:
Example 2.4.34

Let us consider the incline £ = (P(D), L, M) in Example (2.3.16).

In this incline the elements are all idempotent but not linearly ordered.
Since by Proposition (1.2.20), £ is regular incline and hence a distributive
lattice whose elements are not comparable. For instance the non zero elements
{a,c} are not comparable, but forms an integral pair, since {a,c} N {b} = ¢ and
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{a,c} U {b} = {a,b,c} = D. Hence £ is not an integral incline and from the
matrix A in Example (2.4.15), G3(£) # P; (£), A is invertible matrix of order 3
but not a permutation matrix.

Thus Corollary (2.4.31) and (2.4.32) fails.
Corollary 2.4.35

If £ is not an integral incline then G, (£) # P,(£), for any n(n>2).
Proof

This follows directly from Corollary (2.4.31).

2.5. Range Symmetric Incline Matrices

In this section, we shall introduce a special type of incline matrix called
range symmetric incline matrix for which row and column ranks are equal.

This is a generalization of invertible matrices.

Definition 2.5.1
A ¢ £, is a range symmetric incline matrix if and only if ®R(A) = (R(AT).

Let ®R(£,) be the set of all range symmetric matrices in £,.

For an invertible matrix A € £,, R(A) = Q{(AT): £". Hence A is range

symmetric.

Lemma 2.5.2
For A, B ¢ £, and a permutation matrix P, ®A) = ®R(B) if and only if
R(PAP") = ®R(PBP").

Proof
Let R(A) = R(B). Then by Lemma (1.2.9),

RAP") = R(A)P" = R(B)P" = ®R(BP").
Let ye RPAP)
= y = x(PAP") for some x ¢ £"
2 y= wAPT, where w=xP
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= y& R(AP') = R(BP')
= y = uBP" for some u ¢ £".
= y = (uP")PBP" (by Definition (1.2.30))
= y =zPBP" for some z ¢ £".
= ye ®RPBP’)
= ®PAP') c R(PBP")
Similarly, R PBP") c ®R(PAP"). Hence R PAP") = ®R(PBP").
Conversely, let R PAP") = R PBP")

RA) = R(P'(PAP")P) (by Definition(1.2.30))
=®R(P'(PBP")P)
=QR(B) (by Definition (1.2.30))

Hence, ®R(A) = R(B).

Theorem 2.5.3

Let £ be an incline. For A ¢ £,, the following statements are equivalent:

(1) A is range symmetric and p(A) =r

(ii) aA) = qA")

(i11) A" = AH=KA for some incline matrices H,K and p(A)=r

(iv) PAP" is range symmetric matrix of rank r for some permutation

matrix P.

Proof

(1) & (@i1)  This follows from the Definition (2.5.1) and from
((A) = R(A") and (A") =R(A).

(ii) < (ii1)  This follows directly from Lemma (1.2.8) replacing
BbyA”.

(i) < (iv)  This equivalence follows from Lemma (2.5.2).

Theorem 2.5.4
A € £, 1s range symmetric and p(A) = r then A can be represented as

D DXT
XD XDXT

and D ¢ R(£,) with p(A) = p(D)=r.

A= P( ) PT, where P is a permutation matrix, X is a incline matrix
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Proof

Since R(A) = Q{(AT), if the ith row A;« is linearly dependent on some
rows of A, then the corresponding ith column A+; is also linearly dependent on
the corresponding columns of A. Hence by permuting the rows and columns of
A, we can bring the r linearly independent rows of A to the top and the
corresponding r linearly independent columns of A to the right, so that the

D DXT
XD XDXT

rows and no zero columns and ®D) = R(D"). X is a matrix over an incline that

normal form of A is P( ) P’ where D is r X r matrix with no zero

expresses the dependence of the last (n-r) rows on the r linearly independent

rows of A. p(A) = p(D) =r.

stk sk sk sk sk sk skokoskokosk skokokokokokskokok
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CHAPTER 3
REGULAR MATRICES OVER AN INCLINE

We derive equivalent conditions for a matrix over an incline whose
idempotent elements are linearly ordered to be regular, which include as special
cases for matrices over a regular incline whose elements are all linearly ordered
and for matrices over a distributive lattice whose elements are all linearly
ordered and as a generalization of the results on fuzzy matrices found in [13].
We have discussed the regularity of matrices over an incline interms of full row
space, full column space factorization and studied the properties of g-inverses
of a matrix over DL. An algorithm is given in [27] to determine the regularity
and finding a g-inverse for matrices over an incline in which idempotent
elements are linearly ordered. Here, we provide an algorithm for matrices over
a regular incline £ whose elements are not linearly ordered and illustrated with

suitable examples.
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3.1. REGULAR MATRICES

In this section, we derive some equivalent conditions for a matrix over
an incline whose idempotent elements are linearly ordered to be regular.
In [28], it is proved that a matrix over the max-min Fuzzy algebra ¥ =[0,1] is
regular if and only if it is a retract of #'. Here we shall extend this for a matrix

over an incline.

Just for sake of completeness we shall state the following Definition for

a matrix over an incline.
Definition 3.1.1

A matrix A € £, 1s regular if and only if there exists a matrix X € £,

such that AXA = A, X €A{1} and A {1} denotes the set of all g-inverses of A.
Theorem 3.1.2

Let £ be an incline. For a regular matrix A ¢ £, the following conditions
are hold:
(1) There exists an idempotent matrix E ¢ £, such that ®R(E) = R(A)
(i)  ®(A) is aretract of £"

(iii)  There exists an idempotent matrix F ¢ £,, such that ((A) = ((F).
Proof

6)) Since A is regular by Definition (3.1.1), A= AXA for some
X ¢ £,,. By Lemma (1.2.9), we have R (A) = RAXA)c R(XA) c
R(E) < R(A). Therefore, R(A) = R(E), where E=XA ¢ £, is an

idempotent matrix. Thus (i) holds.

(i1))  Again by Lemma (1.2.9) and by Proposition (1.2.27), we have
RE) = R(E’) = RE)E= RAE ¢ (£") E = RE) = R(A) = £'(E).
Then, ®R(A) is a retract of £" follows from the Definition (1.2.26).
Thus (ii) holds.
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(ii1) It can be proved in the same manner by choosing the idempotent

matrix F'=AX in the regularity equation A=AXA.

Remark 3.1.3

In general, the converse need not be true, (refer Example (3.1.6)).
However, the converse holds under certain conditions. This is given in the

following:

Theorem 3.1.4

Let £ be an incline whose idempotent elements are all linearly ordered
and forms a vector space over an incline £. For A ¢ DL,,, the following

conditions are equivalent:

@) A 1is regular
(11))  There exists an idempotent matrix E ¢ £, such that
R(E) = R(A) = (DL")E
(ili)  R(A) is a retract of £
(iv)  There exists an idempotent matrix Fe£,, such that
C(A) = Q(F)= (DL")F. In either case, p(A) = p.(A).
Proof
(i) = (i1))  The existence of an idempotent matrix E with ®(A) = R(E) has
been proved in Theorem (3.1.2). Under the condition that the idempotent
elements are linearly ordered, for any x,y ¢ DL", x+y ¢ DL" and 0 ¢ DL".

Therefore DL" is a subspace of £'. Since A ¢ DL,,,, each row of A ¢ DL"
and DL forms a vector space over £ hence ®(A), the space spanned by
the rows of A is the subspace of DL". Therefore, R(E)=®R(A)c DL" for
the idempotent matrix E. Further, by Lemma (1.2.9), we have ® (E)=
R(E’)=R(E)E=R(A)EC (DL") E < (£")E= ®(E). Hence R (A) = R(E) =
(DL")E. Thus (ii) holds.

(ii) = (iii) From (ii) we get, R(A)=R(E) = (DL")E=(£")E. Then, ® (A) is a
retract of £” follows from the Definition (1.2.26). Thus (iii) holds.
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(iii) = (i) Since ®(A) is a retract of £', by Definition (1.2.26),
R(A)=(£") E=R(E). By Lemma (1.2.8), ® (E)c ® (A) implies E=XA for
some X ¢ £,,. Since E is regular being idempotent, E itself is one choice
of g-inverse of A. Therefore, by Lemma (1.2.10), ® (A) € R (E) =
A=AE"E = AE=AXA, hence A is regular. Thus (1) holds.

(i) < (v)  This equivalence can be proved in the same manner by choosing

the idempotent matrix F=AX in the regularity equation A=AXA.

For A ¢ DL, is regular then p(A) = p(A) follows from the fact
that elements of DL are linearly ordered [27].

Remark 3.1.5

A ¢ DL,, = R(A) < DL" but not conversely. In the above Theorem

(3.1.4), the conditions that A ¢ DL,, and forms a vector space over £ are

essential. These are illustrated in the following examples:

Example 3.1.6

Let us consider the incline £ = {0, a, b, ¢, d, 1} in Example (2.1.8).

£ 1s a commutative incline which is not a distributive lattice. In this
incline, for x,y ¢ £, xy=0 (or) d. Here 0 and d are the only idempotent elements,
that is, DL = {0,d}; 0 and d are comparable. For a € £, x € DL, o x € DL. Hence

DL forms a vector space over £.

Let A= (g

(11)thentry of A X A is (bx + lu) b# b.
Therefore, A X A # A, A is not regular.

Now, let us take X = ((11 Z

i) ¢ £, then for any X= (i 3;) et

) ¢ £, then XA =(g Z)= E

E = (g Z) — E¢DL,and

RE) = R(A) = {(0,0), (0,d), (d,0),(d,d)} = DL*. Thus (ii) and (iii) hold. Here
A & DL, and A is not regular.
Hence the Theorem (3.1.4) fails.
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Example 3.1.7

Consider the incline £ = {[0,1],+,-} in Example (2.3.4). Here, the
idempotent elements are 0 and /, that is, DL = {0,1} and they are comparable.

In this incline,/ is the multiplicative identity as well as the greatest element.

1 1
0 1

A is regular being idempotent and R(A) = {A(1,1) + u(0,1)/ Au €0,1]}

LetA = ( ) eDL,

= {(a,b)/0 <a<b < 1}. But (DL?) E # ®R(A), for any idempotent matrix E € £,.
Thus (ii) fails. For x £ DL, o € £, ax € DL. Hence DL does not form a vector

space over the incline £.

Now we deduce the result of the Theorem (3.1.4) for the following
special types of incline such as regular incline, distributive lattice and an

integral incline.
Corollary 3.1.8

Let £ be a regular incline whose elements are all linearly ordered and

A ¢ £, then the following are equivalent:

(1) A is regular

(i1) There exists an idempotent matrix E ¢ £, such that
RE) = RA)= (£')E

(iii) R(A) is a retract of £"

(iv) There exists an idempotent matrix F ¢ £,, such that

((A) = (F)= (£")F. In either case, p(A) = p(A).
Proof

Since £ is regular incline by Proposition (1.2.20), each element of £ is
idempotent and therefore DL = £. Then the rest follows from Theorem (3.1.4)

under the condition that all elements are linearly ordered.
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Remark 3.1.9

Since by Proposition (1.2.21), a commutative regular incline is a

distributive lattice and DL = £, Theorem (3.1.4) reduces to the following.

Corollary 3.1.10

Let £ be a distributive lattice whose elements are all linearly ordered and

A ¢ £, then the following are equivalent:

@) A is regular

(i1) There exists an idempotent matrix E ¢ £, such that
R(E)=R(A)=(£)E

(iii) R (A) is a retract of £

(iv) There exists an idempotent matrix F ¢ £,, such that

C(A) =C(F) = (£") F. In either case, p(A) = p. (A).
Remark 3.1.11

The linearity condition on elements of £ in Corollary (3.1.8) and

Corollary (3.1.10) cannot be relaxed. This is illustrated in the following

example:

Example 3.1.12

Let us consider the incline £ = (?(D), L,n) in Example (2.3.16).

{a} (b} ¢
Let A= |{a} {b} ¢ |c£;
{a} {b} {c}
{fa} {b} ¢
and X=|{b} {a} ¢ |ec£;
g ¢ {c}

On computation we get A X A=A. Therefore A is a regular matrix. Here,
£ 1s commutative regular incline whose elements are all idempotent under the
set intersection as the multiplication operation. By Proposition (1.2.21), £ is a

distributive lattice. The elements of £ are all idempotent but not linearly
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ordered. For instance, {aj, {b} and {c} are not comparable. For A,
A=Az« = {a,b}) Az« p, (A)=1. All the columns are linearly independent, hence
pAA) = 3. Therefore, p, (A) # p. (A). The equality condition of row rank and
column rank for a regular matrix in Corollary (3.1.8) and Corollary (3.1.10)

fails.

Remark 3.1.13
For a regular incline whose elements are all linearly ordered then the
incline operations reduces to the max - min composition, by Lemma (2.3.13).

Therefore, Corollary (3.1.8) reduces to the result on regularity of fuzzy matrix

due to Kim and Roush [28].

Corollary 3.1.14
Let A be matrix over the max-min Fuzzy algebra then the following

conditions are equivalent:

@) A is regular

(i1) There exists an idempotent fuzzy matrix H ¢ £, such that
R(H) = R(A)

(iii) R (A) is a retract of V"

(iv) There exists an idempotent matrix H ¢ £, such that

C(A) =C(H). In either case, p(A) = p. (A).

Theorem 3.1.15
Let £ be an incline whose idempotent elements are linearly ordered.
If A ¢ DL,, is a regular matrix then the row rank, the column rank and the

factor rank of A are equal.
Proof

First we prove that p(A) = p(A).

Let r be the row rank and ¢ be the factor rank of A. If ®(A) can be
generated by the rows of an rxn matrix M, then there is an n x r incline matrix
L such that A = LM. Thus r > t and we will show r < ¢ in follows. Since

A ¢ DL, is regular, let AXA =A for some X ¢ £, and let B=XA. By Lemma
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(1.2.8), it follows that ® (B)c ®R.(A). Since AB = AXA=A, R (A)c ®R(B). Thus
R(A) = R(B). By Definition (1.2.4), p,(A) = p, (B). Since the factor rank of A is
t, there exists C ¢ £,, and D ¢ £,, such that A = CD. Since B=XA= XCD= ED,
where E=XC, t is the smallest integer and ®(A) = R(B), therefore p(A) = ps(B).
Let B[0] = B=(b;) and for each integer / < k < n, let B[k] be the matrix
obtained from B[k-1] by replacing the kth row B[k-1]= of B[k-1] with
by B[k-1];+ Then by Theorem (2.3.31), B[k]2 = B[k] for each I <k < n.
Choose an n x n permutation matrix P so that the first r-many rows of an
idempotent matrix E = (e;) = PB[n JP" are linearly independent and ¢; > ¢;
when i<j <r. Then we have ¢;> ¢;; for each i and j. Since the factor rank of E is
also ¢, there exist C ¢ £,, and D ¢ £,, such that E=CD. Now let R, = C+D;+ for

each / <i <t Clearly R;’s are of rank -/.

Among the rank - / matrices R ;s, let there be an integer k such that
F= (f;) = Ry satisfies f,,, =e,, and f,,, = e,, for some u and v with u < v <r. Then
Sfuu =fw and F« = f,,, F,= Since the row rank of F'is one and f,, (f,,) is a maximal
entry of F,«(F,+) respectively. Thus f,, must be f,, and f,,> f., > f,, holds. Since
fo= en>e,>f, and f,=f, we have e,=e,. Since e,=f,>e,>f,, and
fw = fw=e,. We have e,>e,>e,. By using E=E’, we can derive
e k. +e, Ex < E,and e, E, e, E, < E, Therefore ¢,E, < E, « and
e, E, < E, hold and from this we have e¢,, ¢,E,~ < e, E,~ and
enen Ep<e,E« Thus E, e, E,and e, E,  <F,:hold, this means E,« = e,,E,,-.
This is a contradiction, since the first r-many rows of E are linearly

independent. Therefore, when summing up the t-many rank "/ matrices Rl.’s,

each R; can make at most one diagonal entry ey(/ <k <r). Thus ¢>r. Hence

r=t.

Now consider the transpose A" of A. Then A” is a regular matrix and the
row of A” is the column rank of A. Since the factor rank of A is equal to that of
A”, by the above reasoning the column rank of A is equal to the factor rank of

A. Therefore the row rank, the column rank and the factor rank of A are equal.

58



3.2. Properties of g-Inverses
In this section, we derive some basic properties of generalized inverse of

a regular matrix over an incline £.
Proposition 3.2.1

Let £ be incline. Let A ¢ £,,, be a regular matrix, X be a g-inverse of A.
Then
i) X eA"{l}
(i) AXe(AA){1}forAe DL
(ii1)) If P and Q are permutation matrices, then 0" X PT ¢ PAQ {1).

Proof
) Let A ¢ £,,, be regular and X be a g-inverse of A then by
Definition (3.1.1), AXA = A. Taking the transpose on both sides,
we get ATXP'=A". Thus X" ¢ A" {1}.
(i)  LetA = (a;)€£,,. Then JA = A(a;) = AA. Since AA = A for A ¢ DL
Therefore (AA) (AX)(AA) = JA. Thus AX e (1A) {1).
(i11)  Since P and Q are permutation matrices, P and Q are
invertible, P = P', 0" = O". Let AXA = A.
(PAQ) (Q"X P')(PAQ) =  PA(QQ")X(PP')AQ
= PAXAQ
P(AXA)Q
= PAQ

Thus Q" X P" ¢ PAQ {1).

Just for sake of completeness we shall state the properties of a regular
matrix over DL, in the following, that can be proved along the same lines as

that for fuzzy matrices [36].
Proposition 3.2.2
Let £ be an incline whose idempotent elements are all linearly ordered.

Let A ¢ DL, be regular and X be a g-inverse of A. Then
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(1) AX and XA are idempotent, RA) = R(XA), ((A) = C(AX) and have
the same rank as A

(i)  p(X)=p (A).

Proof

(1) forms part of Theorem (3.1.4).
(i)  Since p(AX) <min {p(A), p(X)} it follows that p(A) <p (X).

Theorem 3.2.3

Let £ be an incline. For A, B ¢ £,,, with R(A) = R(B) (or) ((A) = ((B).

Then A is a regular matrix < B is a regular matrix.
Proof

Suppose A ¢ £, is regular and ®(A) = R(B). Then by Lemma (1.2.8),
R(A) cR(B) < A= XB for some X ¢ £,,. Since A is regular, by Lemma (1.2.10),
R(B)cR(A) <> B=B A'A for all A’ ¢ A{1}. Hence B=BA'/A=BA(XB)= B (A'X)B.

Thus B is a regular matrix.

Converse can be proved by interchanging A by B in the preceding proof.
Under the condition ({A) = ((B), the Theorem can be proved in a

similar manner and hence omitted.
Remark 3.2.4

In general, for an incline matrix A, there is no relation between the
regularity of AAT, ATA and A. Here, we shall see the condition for their

equivalence in the following:
Theorem 3.2.5

Let £ be an incline
(i) If Ac#£,, with RA) = RA"A), then A"A is a regular matrix <> A is a

regular matrix
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(i) IfA e £, with (A) = qQAA"), then AA is a regular matrix <> A is a

regular matrix.

Proof
(1) Follows from Theorem (3.2.3) by replacing B by A’A.
(ii)  Follows from Theorem (3.2.3) by replacing B by AA”.

Remark 3.2.6

In Proposition (3.2.1), the condition 4 & DL is essential. This is

illustrated in the following example:
Example 3.2.7

Consider the incline £ = {[0,1], +, -} in Example (2.3.4).

A= ((1) i) £ £, 1s regular being idempotent.

X = A itself is a g-inverse of A. Here, DL = {0,1}.
ForA=0.5 €& DL,

0.5 0.5

iA:(o 0.5

). But (A1 A) (A A) (AA)# (A A). Therefore LA & A {1).

Remark 3.2.8

In Theorem (3.2.5), the conditions on row spaces and column spaces are

essential can be seen by the following example:
Example 3.2.9

Let us consider the incline £ = {0, a, b, ¢, d, 1} in Example (2.1.8).
In this incline, for x, y ¢ £, xy = 0 (or) d. Hence 0 and d are the only
idempotent elements, that is, DL = {0, d} and elements of DL are linearly

ordered. Therefore, £ is an incline with idempotent elements are linearly

ordered.
Let A = (i (1))8£2
o= @O D@ Gear
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is regular in £, being idempotent.
Xy
u v
For instance, (11)th entry of A X A is (bx+1u)b+ (by+1v)c # b.
Therefore A X A #A hence A is not regular.

RA) = {(0,0), (d,0), (0,d), (d,d)} = DL*.

RA'A) = {(0,0), (dd)} = RAA")

Therefore, R(A) # R(A'A) and C(A) # ((AA").

Thus Theorem (3.2.5) fails.

ButforanyX=( )8£2,AXA¢A.

3.3. Regularity Algorithm

In this section, we shall discuss the regularity of an incline matrix using
full space factorization as an extension of that for fuzzy matrices found in [28]
and we shall provide an algorithm to determine the regularity of incline

matrices.
Theorem 3.3.1

Let A = FG be a full row space factorization. Then G is a regular matrix

<> A is a regular matrix.
Proof

Since A= FG is a full row space factorization, by Definition (2.2.18),
®R(A) = R(G). Then from Theorem (3.2.3) it follows that A is a regular matrix

< G is a regular matrix.
Theorem 3.3.2

Let A= FG be a full column space factorization. Then F is a regular

matrix < A is a regular matrix.

Proof
This can be proved in the same manner as that of Theorem (3.3.1) and

hence omitted.
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By combining Theorem (3.3.1) and Theorem (3.3.2), we have the

following:

Theorem 3.3.3

Let A=FG be a full space factorization. Then A is a regular matrix < G

is a regular matrix < F is a regular matrix.
Remark 3.3.4

Full Space factorization condition on A in Theorem (3.3.3) is essential.

This is illustrated in the following example:

Example 3.3.5
Let us consider the matrices over an incline £ = {0,a,b,c,d, I} in Example

(2.1.8).

d d

‘ d)g£2 B:(1 0) ¢ £, and

ForA:( d 0

C :(g (C)) ¢ £5. In Example (2.2.11), we have seen that A=BC is not

a full space factorization. Here A 1is regular being idempotent but

B= (cli 8) and C= (g (C)) are not regular and Theorem (3.3.3) fails.

Remark 3.3.6

Every idempotent matrix is regular but not the converse. This can be

seen from the following example:
Example 3.3.7

Consider an incline £ = {[0,1], sup (x,y), min (x,y)}

A= (OiS 0?2)‘%2

By applying the regularity algorithm from [27], A is regular, since each row

contains a maximal element /, which is idempotent and they form a
permutation matrix ((1) (1)) Here, A is not idempotent,

A2 = (1 0.5

05 1 ) # A. Hence the converse need not be true.
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Example 3.3.8

Let us consider the incline £ = {/0,1], +, -} in Example (2.3.4). Let

5 0.
A:(g.s 012

row 1is 0.5, which is not idempotent ((0.5)2 # 0.5), under the usual

)e £,. Here A is not regular since the maximal element in the first

multiplication. Hence A is not idempotent.
Remark 3.3.9

Every invertible matrix is regular, but the converse is not true. This can

be seen from the following example:

Example 3.3.10

05 1
1 02

Example (3.3.7) and we have seen that A is regular. Here, AAT # ATA = L.

Let us consider the incline £ and the matrix A = ( ) e £, In

Therefore A is not an invertible matrix.
ALGORITHM

An algorithm is given in [27] to determine the regularity and finding a
g-inverse for matrices over an incline in which idempotent elements are
linearly ordered. In step 1, one has to check the maximal element row by row,
which cannot be applied when elements are not comparable. In this part, we
provide an algorithm for matrices over a regular incline £ whose elements are
all not linearly ordered. Further, if A is regular whose non zero rows form a
standard basis then there must be a g-inverse which is a permutation matrix in
the case that, idempotent elements are linearly ordered in the original incline
[11]. We observe that this fails for an incline which is not regular. This is

illustrated in the following example:
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Example 3.3.11

Let us consider the matrices over the incline £ = {0,a,b,c,d, 1} in
Example (2.1.8),here £ is not a regular incline and / is not the multiplicative

identity for £ and £, has no permutation matrix.

: 1 0 0 1
For instance, P; = (0 1) ¢ £,and P, =(1 0)8 £,
are not permutation matrices in £,.

d 0
0 d

d

P.P= PP, =( 5

);e Land P,P,” = P,”P, =( 2);& L

However, E = ( g O) is regular being idempotent and EP,E=E.

d
Rows of E forms a standard basis for ®R(E).

Definition 3.3.12

A standard basis {c;,c,,...,c,} 1s said to be orthogonal basis if cich=0,
for all i % and orthonormal basis if ¢; ¢/ =0, for i #j and ¢,c/ =1. Where 0 and

are the least and greatest element of the incline £.
Example 3.3.13

In the max-min Fuzzy algebra,
c;= (0.5, 0.5, 0.5), ¢, = (0, 1, 0.5), c; =(0, 0.5, 1) is a standard basis for & [28].
It is not an orthogonal standard basis, since c;c} #0 and it is not an orthonormal

standard basis, since c;cf =0.5 # 1.

Example 3.3.14

In Example (2.3.16), {({a}, ¢.9), (§.0.{c}), (¢ {b},@)} is a standard basis

for the subspace. It is orthogonal but not orthonormal.

We shall modify Theorem (1.2.31) for a matrix over a regular incline in

the following way:

65



Theorem 3.3.15

Let £ be a regular incline and A ¢ £,,,, whose non zero rows forms an
orthogonal standard basis and each basis vector has exactly one non zero entry.

Then A has a g - inverse which is a permutation matrix.
Proof

Let E be a matrix whose rows are the standard basis. Let {c;,c,,...c,} be

the orthogonal standard basis for R(E) = R(A).

1
c )

Let £ = 2 , E' = (071: cg,.., cz). Since {c;c5,....c,} forms an
CTl

orthogonal standard basis, c; c? = 0 for i #j and ¢; c7l,w # 0 for each i =1 to n.

Hence the rows of E are orthogonal. Since each row of E has exactly one non
zero entry. If E = (¢;) and ¢; # 0 for some i and j then ¢;; = O for all s # j and

¢,j= 0 for all r # i. Define the matrix P such that

1ifc;#0

P, =
v 0 Otherwise

Clearly P is a permutation matrix and EP = Y, where Y is the diagonal

matrix whose ith diagonal entry is the non zero entry in the ith row of E.

/'
Dk Cik C1k 0 .. 0
Further, EE" = 0 2k Cak Cak .0
0 0 Dk Cnk Cnik
o
a
Yk Cix 0 .. 0
= 0 Zk szk .. 0
0 0 Yk Chk
o

Since £ is regular, by Proposition (1.2.19), ¢3, = c; for each i.
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chlk 0 .. 0
EET — O ZkICZI{ 0 =X

0 0 Yk Cnk

Where X is the diagonal matrix whose ith diagonal entry is Y. ¢;;, = the
sum of the entries of the ith row of E. Hence X = Y and EE' = X = Y = EP. By
regularity of £, we have E = YP" = EE'E = YP" PY' YP" = Y(P'P) Y'YP" =
YY'YP" = YP" = E = EPE = EE'E = E. Hence E is regular, P is a g-inverse of

E, which is a permutation matrix.
Hence the Theorem.

Algorithm 3.3.16
(To test a matrix A for regularity and when it has a permutation matrix

as its g-inverse)

A ££,,, 1n aregular incline £.

Step 1 : Find a standard basis for the row space of A. Let
[c1,co,....c,} De the standard basis for R(A).

Step 2 : Let E be a matrix whose non zero rows are the
members of the orthogonal standard basis.

Step 3 : A is regular <> E is regular .

Step 4 : A is regular and has a g-inverse, which is a permutation
matrix < E is regular and has a g-inverse, which is a

permutation matrix.

Step 5 : Choose a matrix R such that RA =FE.
Step 6 : Then PR is a g-inverse of A.
Step 7 : (PR) A (PR) is a semi inverse of A.

Validity of algorithm 3.3.17

Step 1 : Step 1 is valid by the fact that finite subspace ®R(A)
has a standard basis.
Step 2 : By construction of E, R(A) = R(E).
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Step 3 : Step 3 is valid by Theorem (3.2.3), A is a regular
matrix < E is a regular matrix.

Step 4 : Step 4 is valid by Theorem (3.3.15), permutation matrix P
is a g - inverse of E, when the rows of E has a orthogonal

standard basis.

Step 5 : Step 5 is valid by Lemma (1.2.8), E= RA for some
Ref,

Step 6 : Step 6 is valid again by Lemma (1.2.8), A = SE for
some S ¢ £,

Step 7 : Step 7 is valid, Let Y = (PR) A (PR) then AYA = A

and YAY =Y, therefore Y is a semi inverse of A.
Remark 3.3.18

Stop at step 3 for regularity of the matrix A. Stop at Step 4 for regular,
when it has a permutation matrix as its g-inverse. Stop at step 6, to find out
g - inverse (or) 1 -inverse of A. Stop at step 7, to find out semi - inverse (or)

{1,2} inverse of A.

The algorithm is illustrated by the following examples.
Example 3.3.19

Let us consider the incline £ = (A D), U;M), in Example (2.3.16). The

elements of £ are idempotent but not linearly ordered.

LetA = ({;} Eg) ¢ £,

Step 1 : For this A, R(A) = {(x,y)/x = aa, y = ac + pb, for a, f ££}
By applying the incline operatio , we get
RA) ={(0.9), ({a},9), (9.{b}), (gLc}) ({a}, {c}).({a}.{b}),

({a}, {b,c}), (@ {D,c})}.
Single element in ®R(A) cannot span ®R(A). Here, for the

basis vectors ({a},{c}), the condition fails.
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Step 2 : APA = EPE #E= A for both permutation matrices

P, =<z g) and P, =<g Z) Hence, A has no

permutation matrix as its g —inverse.
Example 3.3.20

Let us consider the incline £ = (A'D), L, M), in Example (2.3.16)
{a} {b} ¢
Let A =|{a} {b} ¢
{a} {b} {c}
Step 1 : For this A, RA) = {(40.9), ({a}, 0.9), (¢ {b}.9), (d@(c})

(@{b}.{c}) ({a},olc}) ({a}.{b}.{c}). ({a}, (b}, 9)}.
{({a},0,9), (§0(c}), (¢.{b},#)} is a standard basis for R(A.)

<{a} o ¢ )
Step 2 : Let E=| ¢ ¢ {c} |, the rows of E are
¢ (b} ¢

orthogonal, ¢;c] ={a}, c,c3={c}, c;cT={b}.

<{a} ¢ ¢>
EE'=| ¢ {c} ¢ |=X

¢ ¢ {b}
Step 3 : E is not an idempotent matrix such that there exists a
D ¢ ¢
matrix P=| ¢ ¢ D |. EP =Y, on computation we get
9 D ¢

EPE = E, P is a g-inverse of E, which is a permutation matrix.

Hence A is regular.

To find the g-inverse:

<{a} {c} ¢ )
Step 4 : Choose R=| ¢ ¢ {c} |suchthat RA = E
{c} {b} ¢
<{a} {c} ¢ )
Step 5 : PR=| {c} {b} ¢ |]isag-inverse of A.
¢ ¢ {c}
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<{a}
A(PR)A= {a}
{a}

{a}
{a}
{a}

Step 6

AYA

And

(
(
(

It can be verified by

{b}
{b}
{b}

{b}
{b}
{b}

Let

can

{b}
{b}
{b}

{b}

{b}
{b}

¢

¢ {a} {c} ¢
¢ {c} (b} ¢
{c} ¢ ¢ {c

¢:>
¢ |=A
{c}

{a} {b}
{a} {b}

Y = (PR) A (PR). Y is a semi inverse of A. it

be verified by AYA = A and YAY = Y.

{a} {b}
{a} {b}
{a} {b} {c}

¢ {a} ¢ ¢
¢ ¢ {b} ¢
{c} ¢ ¢ {c}
: )

g |=A

{c}

¢\ ({a} {b} ¢

¢ |({a} {b} ¢
{c}) \{a} {b} {c}

¢:>
¢ |=Y.
{c}

sfesfestestesfesiesfesfesiesfesfesfesfesfesfesiesiesk
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CHAPTER 4

GENERALIZED INVERSES OF INCLINE MATRICES

In [40], it is proved that for a regular element, a {1,2}=a. This need not
be the case for matrices over an incline (refer, Example (3.3.20)). On this basis,
in this chapter, we have discussed the existence and construction of reflexive
inverses, minimum norm g-inverses, least square g-inverses and
Moore - Penrose inverse associated with a matrix over an incline whose
idempotent elements are linearly ordered. We provide a formula to compute the
Moore - Penrose inverse. We have determined the equivalent conditions for the
existence of Moore - Penrose inverse and for an incline matrix to be range
symmetric. We discuss the characterization of set of g-inverses and obtain
equivalent conditions for the existence of the Moore - Penrose inverse of a

range symmetric incline matrix.

4.1. Reflexive Inverses
Lemma 4.1.1

For A ¢ £,,, AA'A NS
Proof

Let A = (ay) for i=1 tom, j=1 to n.

Then (il)th element of AA'A = (3 Xk a;j ag)ay). By Incline Property
(1.2.1), this expression is greater than (or) equal to each term in the summation.
Therefore, for k = [, j=i we have
(il)th element of AATA > iy Qi ;)

=a 131
= (il)th element of A DA (DA
Thus 4474 >4 Q)
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Illustration 4.1.2

Let us consider the incline £ = {/0,1], sup (x,y),x}, where ‘x’ denotes

usual multiplication.

L 4 =(g3 o5)e®
A =(02 o5)e®

By the incline operation (+,X) in £, we get

AATA - (0(?(')0735 0(?'10255)
O =00 03%)

Here AA"A 2A® and Lemma ( 4.1.1) holds.
Proposition 4.1.3

Let A and Ay ¢ £,, and B; and B; ¢ £,,. If A; <A, and B; <B,, then
A]B] _<A232.

Proof

Let A; = (az), A = (az), By = (b) and B, = (b, ). Since A; < A; and
B, < B, we have a;; _<al.'j and bj; _<bj'k for all i=1 to m, j=1 to n, k=1 to p.

Therefore, a; by <a,.b..Hence };ja; by <Y;a

ij%jk Ub]k ThUSA]B] _<A232.

Remark 4.1.4

Both the conditions are essential in Proposition (4.1.3). This is

illustrated in the following example:
Example 4.1.5

Let us consider the incline £ with O and / under the operations

supremum and usual multiplication.

08 05
0.4 1) and

1 1

Let A1=( 11

A, = ( ) A, <A,
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t B (g 3wt B = (g7 o3) =
AB =(8:Z Ois) (8:461 8:5) =(06%48 06%30)
8= 107 09767 03)

Therefore, A] B] * A2 Bz.

Proposition 4.1.6

Let A ¢ £, and B ¢ £,, such that AA"T <B. Then A < B (A.

Proof

This follows from Proposition (4.1.3) and Lemma (4.1.1).

Theorem 4.1.7
For A ¢ DL,,, AA"A >A.

Proof

Let A= (a;) € £,,. Then (it)th element of AATA = (> Ok aw aj)a;). By
Incline Property (1.2.2), this expression is greater than (or) equal to each term
in the summation. Therefore, for k=¢, j=i, we have

(it)th element of AATA > iy Qi Qi

—q3
it

= A
Thus AA'A > A.
Remark 4.1.8

Since by Proposition (1.2.21) and DL = £, the Theorem (4.1.7) reduces

to the following Corollaries:
Corollary 4.1.9

Let £ be a regular incline. If A ¢ £,,, then AATA >A.
Corollary 4.1.10

Let £ be a distributive lattice. If A ¢ £,,, then AATA >A.
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Remark 4.1.11

For matrices over an incline with max-min operation that is, for fuzzy

matrices AA'A >A (p.19, [36]).

We observe that in general, Theorem (4.1.7) need not be true for a
matrix over an incline that is, AA’A # A for A ¢ £,,,. Thereby, the regularity
condition on the incline is essential. This is illustrated in the following

example:
Example 4.1.12

Let us consider the incline £ = {/0,1],+,+} in Illustration (4.1.2).
In this incline, 0 and [ are the only idempotent elements. Hence by

Proposition (1.2.20), £ is not a regular incline.

_ (03 0.2
Let A=(y: o5)ee
r_ (03 0.5
A'=(03 07) ot
By the incline operation (+,-) under the usual multiplication of real
numbers,
7, _ (0.075 0.105
AAA = (0.245 0.343)

Hence AA’A £A. Thus Theorem (4.1.7), Corollary (4.1.8) and Corollary
(4.1.9) fails.

Lemma 4.1.13
LetAcf,, Y,ZcA{l})and X= YAZ Then X €A{1,2}.
Proof

Since Y,Z €A{1} and X = YAZ

AXA =  A(YAZ)A
= (AYA)ZA (by Definition (3.1.1))
=  AZA (by Definition (3.1.1))
and XAX =  (YAZ)A(YAZ)
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= Y(AZA) (YAZ)
= Y (AXA) (YAZ)

= YA(YAZ) (by Definition (3.1.1))
= Y(AYA)Z

=  YAZ (by Definition (3.1.1))
= X

Hence X e A {1,2).
Theorem 4.1.14

Let £ be an incline whose idempotent elements are linearly ordered. A is

aregular matrix and X ¢ A {1}, X ¢ A {2} if and only if R(AX) = R(X).
Proof

Since A is regular and X € A{1}, AX is regular being idempotent. By
Proposition (3.2.2), R (A) = R(AX)
X eA{2)} = XAX =X
= AeX{l}
= RX) = RAX)
Conversely, Let R X) = R(AX). By Lemma (1.2.8),

R(X) c RAX) = X= YAX for some Y ¢ £,
X(AX) = (YAX) AX
XAX =Y(AXA)X
=YAX
XAX =X
Thus X ¢ A {2).

Corollary 4.1.15

Let £ be an incline whose idempotent elements are linearly ordered. For

AeD£,, if XeA{1,2})then p(A) = p(X).
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Proof

Since X ¢ A {1}, A is regular, A X is regular being idempotent. Therefore
by Proposition (3.2.2), p(A) =p (AX). Since X ¢ A {1,2}, by Theorem (3.1.4),
R(X) =R(AX). Therefore p(A) = p(AX) = p(X).

Remark 4.1.16

It is well known that for complex matrices (p.19,[5]) any two of the
statement X ¢ A {1}, X ¢ A {2} and rank X = rank A implies the other. However

this fails for fuzzy matrices and for matrices over an incline.

XeA {1} and p(X) = p(A) need not imply X ¢ A {2). This is illustrated in

the following example:
Example 4.1.17

Let us consider the incline £ = {/0,1], sup (x,y), min(x,y);.

For A = (1 (1)) X = (‘1) 0?5) eA{1} and p(X) = p(A) = 2.

But XAX = ((1) 0%5) (1 (1)) ((1) 0%5) = ((1) 1) # X

Hence X € A {2).
Remark 4.1.18

In Theorem (4.1.14), the condition X ¢ A {1} is essential. This is

illustrated in the following example:
Example 4.1.19

Let us consider the incline £ in Example (4.1.17).

Lea = (0 Dx=(t ]

AXA 8 LA=Xe A[l).

= (4 o
AX = ( ) RX) = R (AX).
(1 1)

, XAX # X. Hence X € A {2} and Theorem (4.1.14)

=R

fails.
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4.2 . Minimum Norm g-inverses, Least square g-inverses and

Moore - Penrose Inverse

In this section, we discuss the existence and construction of minimum
norm (or) {1,3} inverses, least square (or) {/,4} inverses and Moore - Penrose

inverse of a matrix over an incline.
Theorem 4.2.1

For A ¢ £,,, A has a {1,3} inverse < ATA is a regular matrix and

RATA) = R(A).
Proof

Let X be a {1,3} inverse of A. Then AXA = A and (AX )T = AX. Therefore,
A"A = ATAXA and A=AXA = (AX)’A = X'A"A. Then by Lemma (1.2.8),
R(A) < RA'A) and RIA"A) © R(A). Therefore R(A) = R(A’A). Since A has a
{1,3} inverse, automatically implies that A has a {1} inverse. Then, A is
regular together with ®(A) = R(A'A) implies A’A is regular, by Theorem
(3.2.9).

Conversely, Let ATAbea regular matrix and ®(A) = R(ATA). Then A is a
regular matrix follows from Theorem (3.2.5). Since A’A is regular, define
Y= (ATA )'AT for some g-inverse of AA.

By Lemma (1.2.8), RA) € RA'A)=> A=XA"A for some Xe £,, —(4.2.1)

AY = XATA (ATA)AT

= XATA (ATAyATAX"

= X(ATA)ATA)(ATA)XT

= XATAXT (By Definition (3.1.1))
= xAT

Now post multiplying by A and using (4.2.1), we get AYA = XA'A=A.
Hence Ye A {l).

(AY)" =(xAT)" = (AX") = XATAX" = XA" = AY.

Therefore, Ye A {3}. Thus A has a {1,3} inverse.
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Theorem4.2.2
For A ¢ £,,, A has a {1,4} inverse <> AA” is regular and
aAAT) = qA).

Proof

A has a {1,4} inverse <& A" has A { 1,3} inverse (by Remark (1.2.7))
< AA" is regular and ®R(A") = ®R(AA”) (by Theorem (4.2.1))
<> AA" is regular and ({A) = ((AA”) (by Theorem (4.2.1)).

Lemma 4.2.3

Let £be an incline whose idempotent elements are linearly ordered.

A = (a;) € DL,, is symmetric idempotent incline matrix < a;; A« = A« Aj
Proof

We have aijj Ai* = 4aji AI*S A]* and Cli]Ai*S Ai*' So ajj Ai* SAI* A]* Suppose
for some k, Qx> QA Then Qi Aj>a;j Yet ajj < Ay = Qi This

contradicts that a;A;« = ApAj«

Conversely, let v (i) for i=1 to r be a set of independent incline vectors
such that v(i)v(j) = x v(i) = x v(j) for some x, for each i,j. Let A ¢ DL,, such
that a; = Sllip{ V(k)i V(k)j}

We will show that A is symmetric idempotent having the span of the v(i)
as its row space. Let v(m), be a maximal entry in v(m). Suppose

v{j). > v(m), for some j #m.

Then let x be such that

v(m) v(j) = x v(m)= x v(j)

Then x>v(m), v(j), = v(m),

Therefore x v(m) = v(m)

Therefore x v(j) = v(m)

Therefore v(m) is dependent. This is a contradiction.

So v(my), > v(j), for all j #m.
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We will next show that A,« = v(m). We have a,; = sup, {v{k), v{(k);} >
v(m), (m); = v(m),. Therefore A, > v(m). Suppose a,; > v(m); for some i.
Then for some k, v(k), v(k); > vim). So w(k), > v(m); and v(k);> v(m).. So
v(im); wk); = v(m),. So v(m); cannot be a maximal entry of v(m), so v(m),
v(m), > v{m), Let x be such that v{(m) v(k)=x v(m)=x v(k). Then x > v(m),

v(k), = v(k), and v(m); v{k)=x v(k),.

Therefore v(im); = x wk). Yet x v(k); > v(k); v(k),> v(m). This is
contradiction. Therefore A« = v(m). This proves v(i) appears as a row of A, for

each i.

Therefore the row space of A contains the span of the vectors v(i). Yet
also we have A;« = Y, v(k); v(k) so the row space of A is contained in the span
of the vectors v(i). So the two subspaces are equal.

It follows from the definition of A that A is symmetric. It remains to

show that A is idempotent.

By Theorem (2.3.13) it suffices to prove that any zero pattern of A is
idempotent. But on any zero pattern, v(i) v(j) = x w(i) = x v(j) means
V(i) = V{j) =1 (or) V(i) = V{j) = 0 according as x goes to / or 0 in the
zero pattern. Let A denote the image of A in the zero pattern. Then if G; = I and
dy = 1 then for some m, #(m);= 1 and #(m),=1 and for some h, ¥(h);"1 and
U(h)=1. Therefore T(m)= ¥(h), since ©¥{(m) = D(h) #0. Therefore
#(m), = 1. Therefore d@y=1. This proves A is transitive, ie., A> < A. But a
transitive and symmetric Boolean matrix is idempotent, since A’ > A for A

symmetric. So each zero pattern A is idempotent. This completes the proof.
Theorem 4.2.4

Let £ be an incline whose idempotent elements are linearly ordered. For

A ¢ DL, the following statements are equivalent:

@) A has a {1,3} inverse
(i1) For any two row basis vectors A;« and A«

Ai*A = XAI'* = XAJ* for some x ¢ £.
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Proof

A has a {1,3} inverse if and only if there exists a symmetric idempotent
matrix X, such that ®(X)= ®(A) thatis, if G is a {1,3} inverse then take X = GA.
Conversely, if X exists, choose G so that GA = X. Then G will be a {1,3}
inverse of A. Thus to prove the theorem, it is enough to prove the condition
ApAj« = xA;x = xAj« for basis vectors that characterizes the row spaces of
symmetric idempotent incline matrices. Since G is symmetric idempotent, this

follows from Lemma (4.2.3).
Theorem 4.2.5

Let £ be an incline whose idempotent elements are linearly ordered. For
A ¢ DL, the following statements are equivalent:

6)) A has a {1,4} inverse

(i)  For any two column basis vectors A«;, As;,

A*lA*/ = XA*i = XA*ijI'X ¢ f£.
Proof

This can be proved in the same manner as that of Theorem (4.2.4) and

hence omitted.
Theorem 4.2.6

Let A ¢ £, be a regular matrix, with AA") = ((A"A), then A’A is a
regular matrix and ¥ = (ATA)A" ¢ A {1,2,3), for some (A’A) €(A"A) {1}.

Proof

Since A ¢ £,,, is a regular matrix, with QA”) = ((A"A) then by Theorem
(3.2.5) A'Aisa regular matrix. aA’) c qA™A) implies AT AX = A", for some
X ¢ £,,,. Taking transpose on both sides we get,

A = XAA
AYA = (X"ATA) (ATAyAD)A
= X'(ATA) (ATA) (A"A)
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= XAA (By Definition (3.1.1))
= A

YAY = Y (X'ATA) (ATA) AT
= YX'(ATA)ATA) (ATAX)
= YX'(ATA) (A"A)(ATA)X
= YX'ATAX (By Definition (3.1.1))
=  YAX
= (ATAyAT)AX
= (ATA) (ATAX)
= (ATA)(A)
= Y

AY = (X'ATA)ATA AT
=  X'(ATA)A"A)(ATAX)
= X'(A"A) (ATA) (A"A)
=  XA'AXx (By Definition (3.1.1))
=  AX

(AY)" = (Ax)
= XA
=  XA'AXx
=  AX
= AY

Thus Y ¢ A {1,2,3}.Hence the Theorem.

Theorem 4.2.7

Let A ¢ £,,, be a regular matrix with Q{(AT) = R(A AT) then AA” is a
regular matrix and Z = A"(A A7) "¢ A {1,2,4), for some (AA”) € (AAT) {1).

Proof

This can be proved along the same lines as that of Theorem (4.2.6) and

hence omitted.
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Theorem 4.2.8

Let A ¢ £, be a regular matrix. Then ATHA AT = At

Proof

Let X
AX

(AX)"

(XA)"

Thus X

Lemma 4.2.9

A4 AT by Lemma (4.1.13) X ¢ A {1,2).

(A A"PA) A7)

A AT (by Definition (3.1.1))
(A A(1,3) )T

A AT (by Definition (1.2.6))
AX

(AT AAT)A
AT ATTp)

A YA (by Definition (3.1.1))
(A (1,4) A)T

AT A (by Remark (1.2.7))
XA

AT A AT = AT Hence the theorem.

Let A ¢ £, be a regular matrix. A ATA = A& Afexists and At = A"

Proof

Since A A'A = A; A" is a g-inverse of A. The existence of AT, directly

follows from the fact that A" satisfies the defining equations in Definition

(1.2.6) of the Moore Penrose inverse AT . Converse is trivial.

Theorem 4.2.10

Let £ be an incline whose idempotent elements are all linearly ordered.

For A ¢ DL,,,, the following statements are equivalent:

@) AA" and A”A are regular, RA") = RAA")and (A") = qA"A)
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(i1) A has a {1,3} inverse and { 1,4} inverse

(i11) For any two row basis vectors A;= and A ;= and any two column
basis vectors A« and A, A« Ajx = xA;» = XAj« and A« Asj = YA+ =
YA forx, ye £

@iv) Alisa g- inverse of A
V) Each zero pattern of A has a Moore - Penrose inverse
(vi) ATexists and equals A"
Proof
(1) & (i1) : This follows directly from Theorem (4.2.1)and
(4.2.2).
(1) & (i) This follows from Theorems (4.2.4) and (4.2.5).
(1) & (vi) (i1) = (vi) follows from Theorem(4.2.8) and converse is
trivial.
iv) & (vi) This equivalence is precisely Lemma (4.2.9
iv) ® (v) If each zero pattern A, of A has a Moore - Penrose

inverse, then by Lemma (4.2.9) AL = AT . By Theorem
(2.3.18)

Al = (Zae(b,q aAa)T = Zaecb,q CZAE = Zae(b,q (XAL = At
Thus, AT = AT is the Moore - Penrose inverse of A and hence A is a

g-inverse of A.
Remark 4.2.11

By Lemma (2.3.13), fora,f e £, a < S o+ = < a f = a, which is
precisely the max-min composition in £. Hence the Theorems (4.2.4), (4.2.5)
and (4.2.10) valid for a regular incline whose elements are all linearly ordered.

Hence we shall state the following corollaries without proofs.
Corollary 4.2.12

Let £ be a regular incline whose elements are all linearly ordered and

A ¢ £, then the following statements are equivalent:
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@) A has a {1,3} inverse
(i1) For any two row basis vectors A;« and A

Ai*A = XAI'* = XAJ* for some x ¢ £.
Corollary 4.2.13

Let £ be a regular incline whose elements are all linearly ordered and
A ¢ £,,,, then the following statements are equivalent:
(i) Ahasa{l,4}inverse
(1) For any two column basis vectors Ax;, Ax;

A*,A*/ = .XA*i = XA*ijI'X ¢ £.
Corollary 4.2.14

Let £ be a regular incline whose elements are all linearly ordered and

A ¢ £,,,, then the following statements are equivalent:

(i) AA" and A"A are regular, RA") = RAA") and qA”) = qA"A)
(i1) A has a{1,3} inverse and {1,4} inverse
(iii) For any two row basis vectors A;« and A ;« any two column basis

vectors A*i and A*j Ai* A]* = XAI'* = XA]* and A*IA*] = yA*l = yA*j

forx, y e £.
(iv) A" is a g- inverse of A.
(v) Each zero pattern of A has a Moore - Penrose inverse.
(vi) AT exists and equals A”.
Remark 4.2.15

Since DL = £, by Proposition (1.2.21) for a regular incline, the above
Corollaries remain valid for a distributive lattice whose elements are all

linearly ordered.
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Next we shall discuss the equivalent conditions for the existence of the

Moore- Penrose inverse of a range symmetric incline matrix.

Theorem 4.2.16
Let £ be an incline whose idempotent elements are linearly ordered.
For A ¢ DL,, the following statements are equivalent:
(1) A is range symmetric and there is a basis {v;,v,,....v,} of R(A)
such that for any two basis vectors v; an v; there is an element
x ¢ £ satisfying v;y; = xv; = xv;.
(i1) AT exists and AT= A" is range symmetric.
(111) There exists a symmetric idempotent incline matrix E such that
AE = EA and R(A) = R(E).
Proof
(1) = (i) Since A is range symmetric, R(A) = Q{(AT) = (A)= Aand A" are
regular = A has a {/,3/ and {1,4} inverse and by Theorem (4.2.1) and
Theorem (4.2.2), ®R(A) and ((A) satisfy the given condition that
vv; = xv; = xv; for some x ¢ £ = A% exists and AT = A" ®((A7))" = ®(A").
Since A is range symmetric Q{((AT))T = ®RATY). Thus AT is range

symmetric.

(ii) = (iii)  Since Atexists, AT = A" and E=A%A is symmetric idempotent
incline matrix. AE = AATA = A = ®(A) c R(E) and ATA = E =>®R(E)c
®R(A). Hence ®RA) = RE). Since AT = A" is range symmetric,
RA") = RA) = RE). By Lemma (1.2.10), ®A") c R(E) => A" = A"
EE, since E is symmetric idempotent.

AT=A"E
(A")" = (A'E)
A= E'A = EA.
Thus E = ATA is symmetric idempotent incline matrix,

AE = FEA, R(A) = R(E).
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(ii1)) => (1)  Since E is symmetric idempotent, E T = F exists. By Theorem
(4.2.10), there is a basis {v;, v, .,....v;} of R(E) = ®R(A) such that for any
two basis vectors v; and v;, viv;= xv;= xv; for x € £. By Theorem (4.2.10),
A has a {1,4) inverse G and GA = EET = E. Hence AE =A(GA)= A.
Since AE = EA = A, taking the transpose EA” = A’"E =A” By Lemma
(12.9), A’'E = A" = ®A") € REE) = ®R(A) again by Lemma (1.2.9),
EA" = AT = ®A") =®RA")c RE). Hence R(A) = R(A”). Thus (i) holds.

In particular for a regular incline whose elements are all linearly ordered

Theorem (4.2.16) reduce to the following Corollaries:

Corollary 4.2.17
Let £ be a regular incline whose elements are all linearly ordered. If E is
symmetric idempotent incline matrix and A € £,, such that ®(A) = ®R(E) then the

following are equivalent :

(1) A is range symmetric

(i1) AE = FEA

(111) Atexists and range symmetric.
Corollary 4.2.18

Let £ be a regular incline whose elements are all linearly ordered. Let

A € £,.If ATexists, then the following are equivalent:

(1) A is range symmetric
(ii) AAT = ATA
(iii) Atis range symmetric
@iv) A is normal.
Example 4.2.19
Let us consider the incline £ = {[0,1], sup (x,y), inf(xy)}
_ (0.5 0\ .4 _ 7.
For A = (0.3 0), AT = A" exists.

A=A, p(Az) = p(A). RIA) # R(AT), A is not range symmetric.

86



4.3. Characterizations of set of g - inverses

In this section, we shall discuss the characterization of set of all
g-inverses of an incline matrix. We shall determine equivalent conditions
for various g-inverses of a range symmetric incline matrix to be range
symmetric and generalized inverses belonging to the sets A{l,2},

A{l,2,3} and A{1,2,4} of a range symmetric matrix A are characterized.
Theorem 4.3.1

Let A ¢ £,,, B ¢ £,q be regular matrices and D ¢ £,,q. Then the incline
matrix equation A X B = D is solvable if and only it AADB'B = D for A€ A {1}
and Be B {1).

Proof

Let D =AA'DB'B

=A(ADB)B

Hence X = A'DB  is a solution of A X B =D. Thus A X B = D is solvable.
Conversely, let X be any solution A X B = D.

Then D = AAAXB BB

=AA(AXB)BB
D =AA'DBB

Hence the Theorem
Theorem 4.3.2

Let xA = b be a incline relational equation, b ¢ £,,, A ¢ £,,,. If X satisfies

A X A = A then x= bX is a solution of xA=b.

Proof
In Theorem (4.3.1). Put A = I, B = A, D=b, then xA = b is solvable if

and only if bA'A =b
XA

(bX)A
(bAAX)A
bA(AXA)
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= bA'A
XA = b

Thus x = b X is a solution of xA=b.
Corollary 4.3.3

If X e A {1} then xA=b has a solution if and only if (bX) A=b.
Proof

Let xA=b has a solution.
Since x=bX and b = bA’A.
(bX)A = (PA'AX)A
= bA(AXA)
=bA'A
=b
Conversely, if (bX)A=b then x=bX is a solution of xA=bh.

We derive the characterization of the set A{/} in terms of a particular

element of the set.
Lemma 4.3.4

For A ¢ £, if G and G are g-inverses of A such that G" > G, then G+H

is a g-inverse of A for some H ¢ £, such that G >G+H>G.
Proof

Let G- G =H. Then G' > H
Since G">G and G >H, it follows that G >G+H >G.
Then AG A > A(G+H)A > AGA

= A>A(G+H) A >A.

= A(G+H)A=A.
Thus (G+H) is a g-inverse of A.
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Theorem 4.3.5

Let A ¢ £,, and G be a particular g-inverse of A. Then
Ag {1} = {G+H/ for all incline matrix H ¢ £,, such that A > AHA} — (4.3.1)

is the set of all g-inverses of A dominating G.
Proof

Let B denote the set on the RHS of (4.3.1). Suppose G ¢ Ag {1}, then
G >G.LetG-G =H.

By Lemma (4.3.4), G > G+H > G and G+H is a g-inverse of A
dominating G.
Further, A (G+H)A=A = AGA + AHA = A
=A+AHA =A
= A > AHA.
Hence G+H ¢ . Thus for each G'¢ Ag {1}, there exists a unique element
in B Conversely, for any G ¢ ®
G = G+H >G, with A > AHA
Now, AG'A A(G+H)A
= AGA + AHA
= A+AHA
= A

Thus G ¢ Ag {1}.
Corollary 4.3.6

For A ¢ £, be an idempotent incline matrix. Then {G+H/ for all incline

matrix H ¢ £, such that A > AHA/ is the set of all A dominating A.
Proof

This follows from Theorem (4.3.2), by taking G=A. Since A is a

idempotent matrix, A itself is a g-inverse.
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Next we discuss the characterization of the sets A{/,3} and A {1,4}
interms of a particular element of the set. The key to the characterization of the

set A {1,3} is the following :
Theorem 4.3.7

The set A {1,3} consists of all solutions for X of AX = AG, where G is a
{ 1,3} inverse of A.

Proof

Since G ¢ A {1,3}, by Definition (1.2.6), AGA = A and (AG)" = AG.
For X ¢ A {1,3} we have AXA = A and (AX)" = AX
Then AG = (AXA)G
=  (AX)(AG)
= (AX)'(AG)'
— (XTAT) (GTAT)
= X" (ATG™AT)
= XA
= (Ax)'
= AX
Hence X is a solution of AX = AG.
Conversely, let AG = AX withG ¢ A {1,3).
Then A=AGA
= A =AXA
=>XecA(l)
Since AX =AG
= (AX)" = (AG)"
= (AX)" = AG
= (AX)" = AX
=X eA{3)
Thus X e A {1,3).
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Theorem 4.3.8

ForA e £,,and G ¢ A {1,3}, Ag {1,3} = {G+H/ for all incline matrices
He £, such that AG > AH) —(4.3.2)

is the set of all {1,3} inverses of A dominating G.
Proof

Let B denote the set on the RHS of (4.3.2). Suppose G ¢ Ag{l,3), then
G >G.Let G-G = H.
Since A {1,3} <A {1}, by Lemma (4.3.4), G >G+H>G
= AG*=A(G+H) = AG.
By Theorem (4.3.7), G¥ ¢ Ag{1,3} and G ¢ Ag { 1,3},
= AG =AG
A (G+H) =AG
= AG >AH.

\

Hence G+H & ®. Thus for each G* ¢ Agf1,3), there exists an unique
element in B Conversely, for any G ¢ 8 G = G+H > G with AG > AH. Hence
AG" = AG + AH = AG. By Theorem (4.3.7), it follows that G* ¢ Ag{1,3}.

Corollary 4.3.9

Let A ¢ £, be a symmetric and idempotent incline matrix. Then {A+H/
for all incline matrix H ¢ £, such that AG > AH} is the set of all {1,3} inverses

of A dominating A.
Proof

This follows from Theorem (4.3.8) by taking G=A. Since A is

symmetric and idempotent incline matrix, A itself is a {/,3/ inverse.
Remark 4.3.10

The condition that G is a {1,3} inverse of A is essential in Theorem

(4.3.7) and Theorem (4.3.8). This is illustrated in the following example:
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Example 4.3.11
Consider the incline £ = {[0,1], sup (x,y), inf (x,y)}.
Ford = (0 O (0 )earns)=ar13# ¢

1 17\ 1

1 1

Consider G = (0 1) eA (3]

D 1)
°)

0.1/

(1)) (8 0(.)1) - (8 0(.)1)
= AG > AH.

BuGHi=(y 1)+ (5 o1) =(o 1)

AG =

G v

For H

AH =

(
(
(

-0 OO K+ O

= G+H ¢ A {3}
=  G+H@&Ag{13).SinceGeA{l,3} <G c¢A"(1,4)

Theorem 4.3.12
The set A {1,4} consists of all solutions for X of XA = GA, where G is a
{ 1,4} inverse of A.

Proof
This can be proved in the same manner as that of Theorem (4.3.7).
Theorem 4.3.13

ForAef,,and Ge A (1,4}
Ag {1,4} = {G+H/ for all incline matrix H ¢ £,,, such that GA > HA} — (4.3.3)

is the set of all {1,4} inverse of A dominating G.

Proof
Let B denote the set on the RHS of (4.3.3). Suppose G e Ag (1,4}, then

G > G. Let G-G = H. Since Ag {1,4} < Ag{1}, by Theorem (4.2.7),
G*> G+H>G = G*A >(G+H) A > GA.
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By Theorem (4.3.12), G* ¢ Ag{1,4} and G ¢ Ag{1,4} = G*A = GA
= (G+H)A = GA
= GA>HA
Thus G+H & ®. Hence for each G* ¢ A {1,4}, there exists an unique
element in B. Conversely, for any G ¢ B, G' = G+H >G with GA > HA. Hence
G'A = GA + HA = GA. By Theorem (4.3.12), G ¢ A {1,4).

Corollary 4.3.14

Let A ¢ £, be a symmetric and idempotent incline matrix. Then {A+H/
for all incline matrix H ¢ £, such that GA > HA} is the set of all {1,4} inverses

of A dominating A.

Proof
This follows from Theorem (4.3.13) by taking G=A. Since A is a

symmetric idempotent incline matrix, A itself is a { 1,4/} inverse.

Remark 4.3.15
In Theorem (4.3.12), G is a {1,4} inverse of A is essential. This is

illustrated in the following example:
Example 4.3.16

Consider the incline £ in Example (4.3.11).

For A = (2 (1)) (8 1) eA{L4) =>A[14) % .
Consider G = G (1)) ¢€A(l4)}
e = (19D D=G
Consider H = (8 0(.)1)
HA = (8 0(.)1) ((1) (1)) = (0(.)1 0(.)1) = GA zHA.
But G+H = (1 (1)) + (8 001) - (1 (1)) —G+H & A [4)

=>G+H & Ag{1,4).
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Theorem 4.3.17

Let A be symmetric idempotent matrix in £, then AT=A.

Proof
By Theorem (4.3.8) and Theorem (4.3.13),
A "= A+K where A > AK and A "= A+H where A > HA.
By Proposition (1.2.14) A+AK = A = A+HA.
By Theorem (4.2.8), for some A" and A" inverses of A,
AT = A4 A1)
= (A+H) A (A+K) by (4.3.4)
= (A’ + HA) (A +K)
= (A+ HA) (A +K)

=  A(A+K) by (4.3.5)
= A +AK
= A+ AK

At = A by (4.3.5)

Hence the Theorem.

Remark 4.3.18

— (4.3.4)
— (4.3.5)

We have proved that, A is range symmetric <* AT is range symmetric in

Corollary (4.2.18). Thus the range symmetric property of an incline matrix 1is

preserved for its Moore - Penrose inverse. However, all other g-inverses of

range symmetric matrix need not be range symmetric.

Now, we show that any X € A{1,2}, X € A{1,2,3}) and X € A{1,2,4} of a

range symmetric matrix A is also range symmetric under certain conditions in

the following Theorems.

Theorem 4.3.19

LetA £, X €A{1,2} and AX, XA are range symmetric. Then A is range

symmetric if and only if X is range symmetric.
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Proof

Since X €A {1,2}, by Definition (1.2.6), AXA = A, XAX = X, AX and XA
are range symmetric, by Definition (2.5.1), ®RAX) = ®R(AX )T) and
®R(XA) = R((XA)".) By Proposition (3.2.2), RA) = RIXA) = R(XA)") = RA'X")
= ®X)". Again by Proposition (3.2.2), ®RA") = RX'A") = RAX)" = RAX) =
R(X).

A 1s range symmetric S RA) = Q{(AT)
<@ RX') = RX)
< X is range symmetric.
Theorem 4.3.20
LetA £, X e{1,2,3}, RA) = Q{(XT). Then A is range symmetric if and

only if X is range symmetric.

Proof
Since X £A{1,2,3}, by Definition (1.2.6), AXA = A, XAX = X, (AX)" = AX
Now, RAT) = RX'AT) = RAX)" = RAX) = R(X)
A is range symmetric < R(A) = RAT)
<@ R(X') = RX)

< X is range symmetric.
Theorem 4.3.21

Let A e£, X €A {1,24), RA") = ®X). Then A is range symmetric if

and only if X is range symmetric.

Proof
Since X £{1,2,4}, by Definition (1.2.6), AXA =A, XAX = X, (XA)" = XA.
Now, ®A) = RXA)= RXA)" = RA'X") = RX')
A is range symmetric < R(A) = RAT)
@ RX') = RX)
<> X is range symmetric.

e sk s ok sk s sk ok ke sk sk ko
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CHAPTER 5

INCLINE RELATIONAL EQUATIONS AND APPLICATIONS

We have discussed the consistency of incline relational equations, that
is, equations of the form xA=b, where A is a matrix and b is a vector over an
incline £ with least element O and greatest element /.We have determined the
existence of the maximum solution of xA=b under the condition that each
column of A is comparable with the corresponding components of the vector b
in £. This includes the result found in [42] as a special case for fuzzy relational
equations. By using the maximum solution of the incline relational equation,
we have discussed when a vector can be expressed uniquely as a linear
combination of the standard basis vectors. As a special case, we have exhibited
that each vector in a regular incline whose elements are all linearly ordered has
a unique decomposition as a linear combination of its standard basis vectors,
which we call as standard incline linear combination. This is a generalization of
standard linear combination of a vector over the max-min Fuzzy algebra [37].
We have highlighted an application of incline matrices in Automata Theory.
We have discussed the structure of DFSA and NDFSA. We obtained that any
set can be represented as an incline, which is a DFSA and the conversion of a
NDFSA to an equivalent incline, which is a DFSA by way of constructing an
incline structure with the set of all states in the given NDFSA. In this way, we
exhibited that the corresponding transition matrices are space equivalent. We
have applied the matrices over an incline £ under the operations addition as
supermum and usual multiplication in Cryptography for encryption and
decryption based on McEliece scheme [3].We obtain the equivalence of finite

state machines in Automata. v
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5.1. Incline Relational Equations

In this section, we discuss the consistency of the equation of the
form
xA=b —(5.1.1)
with x = [x;/jeNy] , b = [by/ke N,] and A= (a;) ¢ £, where N, denotes
the set of all positive integers / to r. Let € (A,b) denotes the set of all solutions
of (5.1.1).

Definition 5.1.1

If Q (A,b) is a comparable set then any element X of Q (A,b) is called a

maximal solution of x A=b if for all xe Q (a,b), x > X implies x= X.
Definition 5.1.2

If Q (A,b) is a comparable set then any element X of Q (A,b) is called a

minimal solution of x A=b if for all x ¢ Q (A,b), x < X implies x = X.
Lemma 5.1.3

Let xA = b be as in equation (5.1.1). If Zj(ajk) < by for some

ke N, then Q (A,b) = ¢.
Proof

If ¥j(aji) < by then by using Incline Properties (1.2.2) and (1.2.1), we
have
xjajk < ajk < Z](Cl]k)

Yi(xjap) < Xilajx) <by
Hence no values of x; ¢ £ satisfies the equation x A=b. Therefore Q (A,b) = ¢.

Remark 5.1.4

The condition Y j(aj,) < byin Lemma (5.1.3) is essential. This is

illustrated in the following:
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Illustration 5.1.5

Consider the incline £ = ([0, 1], sup (x,y), X), ‘X’ denotes the usual
multiplication.

Let us consider the equation x A=b,

0.4 0.7

where A=(06 0.3

) £, and b=(0.9 0.1) &£ are given.

Since 0.6 < 0.9, the condition };;(a;) < by holds for the 1st column
and 0.7 % 0.1, the condition Y;;(a;x) < by fails for the 2nd column.
Hence Q (A,b) = ¢.

Theorem 5.1.6

Let xA = b be as in (5.1.1), such that A «, the kth column of A
and by, the kth component of b are comparable for each k. Then
Q (A, b) # ¢ifand only if X = [X; /je N,,] defined as

X;j = min o (a;, by) — (5.1.2)

bk if ajk > bk}

Where o (a;, b ={
(40 b1) 1 otherwise

is the maximum solution.
Proof

If Q (A,b) # ¢ then X is a solution of equation (5.1.2). For if X is not a
solution, then X A# b. Hence ), j Xj ajro # by, for atleast one k, eN,,. By definition
of X, since X; < by for each k, X; < by,. By our assumption, };(ajko) < by, for
some k, ¢N, and by Lemma (5.1.3), Q (A,b) = ¢ which is a contradiction.
Hence X is a solution of equation (5.1.1). Next, let us prove that X is the
maximum solution. If possible let us assume that y be a solution of equation
(5.1.1) such that y > X, then by using Definition (1.2.13), y; > X; for each
J € Ny, that is y;, > X}, for j, & N,,. Since A+ is comparable with b, for each

k & N,, o (ajby) can be determined. Therefore, by Definition of X, we have
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Yjo > Xjo = min o (ayby). Since Q (A,b) # ¢by Lemma (5.1.3), Zj(ajk) > by
for each k ¢ N,. Hence by, # 2(ya,), for ky ¢ N, which contradicts our
assumption y & Q (A,b). Therefore X is the maximum solution of equation

(5.1.2). Converse is trivial.

Remark 5.1.7

In the above Theorem (5.1.6), the condition that the kth column of A and
the kth component of b to be comparable is essential in determining the

maximum solution. This is illustrated in the following example:
Example 5.1.8

Let us consider the incline £ = {0,a,b,c,d, 1} in Example (2.1.8).

1 ¢

. 0) g€, and b = [d 0] & £2

Let us consider the equation xA=b, where A=(

are given.

Since I > d, the condition },;(a;;) < by in Lemma (5.1.3) fails for the
Ist column. Since ¢ > 0, the condition ), j(ajr) < by in Lemma (5.1.3) fails for

the 2nd column. Therefore, Q (A,b) # ¢.

Next to determine the solution set Q (A,b).

ol ( 6)=1d0]

%1+ x, b =d and x; ¢ = 0. Since x; ¢ = 0, for every

x1€{0,a}and x;1 + x, b = d, forevery x,, x,e{1,b,c,d}.

Therefore Q (A,b) ={(0,1) (0,b) (O,c), (0,d), (a,1) (a,b) (a,c) (a,d)].

In Q (A,b), the elements (a,b) and (a,c) are not comparable. Therefore € (A,b)
is not a comparable set. Hence by Definition (5.1.1), it has no maximum

element. Thus xA=b has no maximum solution. However, Q (A,b) # ¢.

Thus Theorem (5.1.6) fails.
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Remark 5.1.9

If the elements of £ are linearly ordered then the comparability of A
and b, for k & N, automatically holds. Hence Theorem (5.1.6) reduces to the

following:
Corollary 5.1.10

Let £ be an incline whose elements are all linearly ordered and the
equation xA=b be as in (5.1.1). Then Q (A,b) # ¢ if and only if X defined as in

(5.1.2) is the maximum solution.
Theorem 5.1.11

Let £ be an incline whose idempotent elements are all linearly ordered
and the equation xA=b with x=[x; /j ¢ N,,J, b=[b/keN,] ¢eDL" and A & DL,
Then Q (A,b) # ¢ if and only if X defined as in (5.1.2), is the maximum

solution.
Proof

Since idempotent elements are all linearly ordered, for A ¢ DL,
b ¢ DL", the comparability of A« and b, automatically holds for each k ¢ N,

Then the theorem can be proved in a similar manner as that of Theorem (5.1.6).

Corollary 5.1.12

Let £ be a regular incline whose elements are all linearly ordered and the
equation xA=b be as in (5.1.1). Then Q (A,b) # ¢ if and only if X defined as in
(5.1.2), is the maximum solution.
Proof

Since £ is a regular incline by Proposition (1.2.20) each element of £ is

idempotent and therefore DL=£. Then the rest follows from Theorem (5.1.11).
Remark 5.1.13

Since by Proposition (1.2.21), a commutative regular incline is a

distributive lattice and DL=£, Theorem (5.1.11) reduces to the following:
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Corollary 5.1.14

Let £ be a distributive lattice whose elements are all linearly ordered and
the equation xA=>b be as in (5.1.1). Then Q (A,b) # ¢ if and only if X defined as

in (5.1.2), is the maximum solution.
Remark 5.1.15

The condition that A € DL,, in Theorem (5.1.11) is essential. The
condition that the elements are to be linearly ordered cannot be relaxed in the
above Corollaries (5.1.10), (5.1.12) and (5.1.14). These are illustrated in the

following example:
Example 5.1.16

Let us consider the incline £ in Example (2.1.8), whose idempotent
elements O and d are linearly ordered.

For the equation xA=b,

1 ¢
d 0

In Example (5.1.8), we have seen that Q (A,b) # ¢ but xA=b has no

where A= ( ) ¢ DL,and b = [d 0] € DL*.

maximum solution.

Thus Theorem (5.1.11) fails.

Example 5.1.17

Let us consider the incline £ = (A D), U, M), in Example (2.3.16 ).Here,
£ is a commutative regular incline hence by Proposition (1.2.21), £ is a
distributive lattice whose elements are all idempotent but not linearly ordered.
For instance, {a}, {b} and {c} are not comparable.

Let us consider the equation x A=b,

{a,c}  {c}
{a} {a,b,c}

Here the condition );(a;,) < b fails for both the columns. Therefore by

where A= ( ) efrand b = [{c} {b,c}] ef? are given.

Lemma (5.1.3), Q (A,b) # ¢.
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Next to determine the solution set € (A,b)

el () o) =@ bl

On computation we get,

x1€{{c} {bc}} and x;& {{b} {b,c}}
Therefore Q(A,b)={({c}.{b}) ({c}.{b,c}) ({b.c}.{b}) ({D.c}.{b,c}])].

In Q (A,b), the elements ({c}, {b,c}) and ({b,c}, {b}) are not comparable.
Hence by Definition (5.1.1), xA=b has no maximum solution. However
Q(Ab)# ¢.

Thus Corollaries (5.1.10), (5.1,12) and (5.1.14) fail.

Remarks 5.1.18

It is well known that (p.2, [1]), every Fuzzy algebra is an incline.

However, the converse not true. This can be seen from the incline

£ = {[0,1],sup(x,y),x} where ‘x’ is the ordinary multiplication. £ is an
incline whose elements are all linearly ordered. Here, for any x,y ef if x < y

then x+y = y but xy # x. Therefore £ is not the max-min fuzzy algebra.

If the equation (5.1.1) is a fuzzy relational equation that is, A is a matrix
over the max-min fuzzy algebra then Theorem (5.1.6) reduces to the following

result of Sanchez [42] (p.70, [36]).

Corollary 5.1.19
Let xA=b be the fuzzy relational equation as in (5.1.1). Then Q(A,b) # ¢ if

and only if X defined as in (5.1..2), is the maximum solution.

Next we shall describe a method for finding the minimum solutions of
incline relational equation (5.1.1). The following method enables us to
generalize the method provided in [23] by Higashi and Klir (Quoted in [36],
p.70).
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First we have to find the maximum solution of an incline relational
equation xA=b, for which Q (A,b)#¢ and the kth column of A is comparable
with the kth component of b. The following method for finding the minimum

solution is possible only if the components of 5" are comparable.

Let b’ be the vector whose components are that of b in the equation
xA=b arranged such that b;>b.>....> b'. Then b'= b Q for some permutation
matrix Q. Let A"= A Q. Then the equation xA=b and xA" = b’ will have the
same set of solutions. That is, Q (A,b) = Q (A',b’). Hence let us describe a
method for determining all minimal solutions of equation (5.3.1) based on the
assumption that the components of b in (5.3.1) are ordered such that
b1>b;>....> br'l. Further, let us take that Q (A,h) # ¢ and £ be the maximum
solution. We note that the equation (5.3.1) reduced to simpler forms in the

following cases:
Case 1

In the maximum solution X, if any component X;=0, then x;=0 for all
x € Q (A,b). Further x; a; = 0 for each i ¢ N, and therefore xA;+=0. So we can

eliminate X; from X and also the jth row A;« from the matrix A in equation

(5.3.1).
Case 2

If b, =0 for some k ¢ N, in the vector b of (5.3.1) then XA« = b, =0, for
eachx e Q (Ab), x <X, XAy = 5C\A*k =b,=0.

In such cases arise, then after performing these eliminations we obtain
solutions of the reduced equation. The solution of the original equation is
obtained by simply inserting zeros at the locations that were eliminated in the
reduction step. Now, let us consider the equation xA=>b of the form (5.3.1) with
Q (A,b) # ¢ b, # 0 for all k ¢ N, and all the components of its maximum
solution X are non zero. The set € (A,b) of all minimum solution of the reduced

equation xA=b can be determined by the following procedure:
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Step 1:

Determine the sets Ji(X) = {j€ N,/ min (551-, ajk) = b,/ forallkeN,.
Construct their Cartesian product J(X) = J;(X) XJo(X)X ..... x J, (X).
Step 2:

Denote the elements of J(X), by f = (Bx/ke N,,). For each f & J(X) and
each j ¢ N,,, determine the set k(f,j) = {ke N,, pi =Jj}.

Step 3:

For each f ¢ J(X) generate the m- tuple g(B) = g;{p) jeN,/
Where g; () ={maxk£k eobe it kKBj)E S

0 Otherwise.
Step 4:

From all the m — tuples g(f}) generated in step 3, select only the minimal
ones by pair wise comparison. The resulting set of m-tuples is the set Q (A,b)

of all minimal solution of the reduced form of equation (5.3.1).
Step 5:

Extend all minimal solutions of the reduced equation of (5.3.1) by zeros
at the locations that were eliminated in the reduction step, this results in the

solution set € (A,b) of equation (5.3.1).

INlustration 5.1.20
Let us consider the incline £ = {/0,1], max {x,y},min{x,y}}

09 05 1
Given A=(08 07 04 and b =(0.7 0.6 0.J5)
0.5 03 0.6

First to check € (A,b) # @ by using Lemma (5.1.3)

Let us consider the equation xA = b,
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09 05 1
where A=10.8 0.7 04 |and b= (0.7 0.6 0.5)
0.5 03 0.6

Since 0.9 > 0.7, the condition Y, aj < by fails for the 1* column. Since
0.7 > 0.6,and 0.6 > 0.5, the condition fails for the 2" and 3" column.
Hence Q (A,b) #¢.

Next to find the maximum solution X:

From Theorem (5.1.6 ), we get

X; = min o (ap, by) =min o {(a;;,b;) (a;2,bz) (a;3b3)}
=min 0{0.7,1,0.5} = 0.5

X o= min o (ay, by) = min o {(a,b;) (az, bs) (as;b3)}
=min 0{0.7,0.6,1} = 0.6

X3 = min olaz, by) = min o {(az;..b;) (as,...by) (az;...b3)}
=min o{1,1,0.5} = 0.5

Therefore, X A=b

09 05 1
(0.5 0.6 0.5){ 08 0.7 0.4 )=(0.7 0.6 0.5)
0.5 03 0.6

X =(0.5 0.6 0.5) is the maximum solution of xA = b.

Next to determine minimal solutions:

Step 1: To determine Ji(X) for k = 1,2,3
JW(X) ={jeNy/min(X; ay)} = by

Ji(%) = {jeNy/min (X} a;1)) } = b,
= {je Nymin {(X,a;;)( X2a2;) (X3,a3,)} = b))}
= {je Ny/min {(0.5, 0.9) (0.6,0.8) (0.5,0.5)} = 0.7 }
= {1}
Jo(X) = {jeNsy/min (X, aj) = by}
= {JENymin {(X,a;2) (X,. az;) (X3,a32)} = by}
= {je Ny/min {(0.5,0.5) (0.6,0.7) (0.5,0.3) = 0.6}
= {2}
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J3(X) ={jeNy/ min (Xja;) = b3}
= {jeNs/ min {(X1,a;3) (X2, az3) (X3, as3)} = b3/
= {jeNy/min {(0.5,1) (0.6,0.4) (0.5, 0.6)|} = 0.5}
={1,3}
J(&) =J1(X) XJ(%) xJ5(%)
= {0} x{2} x{1,3}
={(0,2,1),(0,2,3) (2,1,3)}

Step 2:
To determine the sets K(f3,j) for each f = J(X) and for each jeN;
For f = (0,2,1),

K (p1) = {keNy =1} ={3}

K (p2) = (ke N3/ B =2} = {2}

K (B,3) = {keNy/ Py =3} = ¢
For f=(0,2,3),

K(p,1) = ¢ K(B,2) = {2} and K(B,3) = {3}
For f=(2,1,3),
KB, 1) = {2}, K(B,2) = {1} and K(B,3) = {3}

Thus the sets K(p,j) for each f ¢ J(X) and j ¢ N; are listed in the following table:

K(Bj) 1 2 3
p=1(021) {3} {2} ¢
p=1(023) ¢ {2} {3}
L=(213) {2} {1} {3}
Step 3:
For each ff ¢ J(X) we generate the triples g(f)
For f=(0,2,1),
max
g1 (p) = keK(B,1) b, if K(B1)# ¢

0 otherwise
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= max {b;, by} = max {0.7,0.6} = 0.7

g20p) =

max ]
ek (8.2) b M2 #0

otherwise

Since K(p,2) = {2}, g:(f) = 0.6
Since K(5,3)=¢ g;(p) =0
Thus for f = (0,2,1) the triple g(f) = (0.7,0.6,0)

For f=(0,2,3),
Since KB 1) =9 g1 (p)=0
Since K B.2) = {2}, 2:(B) = 0.6
Since K (p,3)={3}, g {p} =05
For B = (2,1,3)
Since K1) ={2}, g1 (B) =06
Since K(B.2) = {1}, g:(B) = 0.7
Since K (8,3)={3}, g {p} =05
B g(p)
(0,2,1) (0.7,0.6,0)
(0,2,3) (0,0.6,0.5)
(2,1,3) (0.6,0.7,0.5)
Step 4:

By pairwise comparison we observe that the triples (0,0.6,0.5) is the

minimal solution of the equation.

Step 5:
Thus Q(A,b) = (0,0.6,0.5). The complete set of solutions € (A,b) are the
maximum solution X = (0.5, 0.6, 0.5) and the minimal solution X = (0,0.6,0.5),

and the set {xeP|X¥ <x<X}.
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5.2. Standard incline linear combinations

In this section, we consider a finite subspace S of £’ which has a
standard basis. We discuss when a vector in £' a can be expressed uniquely as a
linear combination of its standard basis vectors, which we call it as standard
incline linear combination, we determine the standard incline linear

combination of the basis vectors.
Theorem 5.2.1

Let £ be an incline, S be a finitely generated subspace of £' and let
[cico....... ¢,/ be the standard basis for S. For x = (x;, x5,...x;....x,)¢ S and
¢j = {¢j1,Cj,-..Cjny...Cjxf 1f Cji and x; are comparable for each j=1 to n and each k.
Then x can be expressed uniquely as a linear combination of the standard basis

vectors.
Proof

Since {c;,c;,...c,} 1s a standard basis for S, x is a linear combination of
the standard basis vectors.

Let x = }.j_, Bjc; where f5; ¢ £.

In this expression, the coefficients §,;’s are not unique. If we write this in
the matrix form as x= (f;, f....., f,) C, where C is the matrix whose rows are
the basis vectors, then x = p.C has a solution, that is, Q (¢,x) # @ Since the kth
column of C;, for j=1 to n is comparable with the kth component of x; by using
Theorem (5.1.1), it follows that this equation has a unique maximum solution
X = (ppp2....pn) (Say). Then x = }J_,pic; where p; ¢ £ is the unique
representation of the vector x. we call this representation as the standard linear

combination of the vector x & £".
Remark 5.2.2

In the above Theorem (5.2.1), the condition that the kth column of C
whose rows are the basis vectors and the kth component of x to be comparable

is essential. This is illustrated in the following example:
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Example 5.2.3

Let us consider the set incline £ = (AD), U,n), where @D) is the

€« )

power set of D with set inclusion “c” as the order relation “<” in

Example (2.3.16).

Here, £ is a commutative regular incline hence by Proposition (1.2.21), £
is a distributive lattice whose elements are all idempotent; but elements are not

comparable for instance, {a/,{b} and {c} are not comparable.

Consider the set S = ({a}, {b}, {c}). In § each element cannot be
expressed as a linear combination of the remaining elements. Hence S is the
smallest linearly independent set that is, <S> = £. Every element of £ can be
expressed as a linear combination of the basis vectors. For {a} ¢ £, «is any
subset of D containing {a/, f is any subset of D not containing {b} and ¥is any
subset of D not containing {c/. Thus {a} = & {a} for & ¢ £. Hence S is unique

standard basis for £.

Any element x # D ¢ £ can be expressed as x = @ {a} + p{b} + y{c} for
suitable choice of ¢ p, ¥ ¢ £. However, this expression is not unique in the
sense that the coefficients of ¢, yare not uniquely determined by x, since the

kth component x = ({a} {b} {c}) is not comparable with the

{a}
kth column of C = | {b} |.
{c}

Thus Theorem (5.2.1) fails.

In this incline, x = D = {a,b,c} is the only element which is comparable
with C. So D is the only element of £ that has the standard linear combination.
We can find the standard linear combination of the element D ¢ £, by
determining the maximum solution of the incline relational equation yC = x, by
using Theorem (5.1.6)

The maximum solution y= (¥, y,, ¥3) is determined by
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ﬁj :mink K O'(Cj](,xk). Here,

)91 = O-(C]],X) = ]
)92 = O-(CZI’ -x) = ]
V3 = o(cs, x) =1

Therefore, y = (1,1,1) = (D,D,D) Here, D is the largest element of the
incline. Thus D = D {a} + D{b} + D{c} is the standard Linear combination of

the element D ¢ £.
Corollary 5.2.4

Let £ be a regular incline whose elements are all linearly ordered, S be a
finitely generated subspace of £ and let {c;,c5,....c,} be the standard basis for

S. For x ¢ S, then x has a standard linear combination.
Proof

Since £ is a regular incline by Proposition (1.2.20) each element of £ is

idempotent and therefore DL = £. Then the rest follows from Theorem(5.2.1).
Corollary 5.2.5

Let £ be a distributive lattice whose elements are all linearly ordered, S
be a finitely generated subspace of £" and let {c;,c;,.....c,} be the standard basis

for S. For x ¢ S, then x has a standard linear combination.
Proof

Since by Proposition (1.2.21), a commutative regular incline is a
distributive lattice and therefore DL = £. This can be proved in the same

manner as that of Theorem (5.2.1) and hence omitted.
Remark 5.2.6

For regular incline, whose elements are all linearly ordered then the
comparability condition in Theorem (5.2.1) automatically holds. Hence, the
above Theorem (5.2.1) reduces to the following corollary found in [28]

(Quoted in [5], p.10)
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Corollary5.2.7
Let Fbe a Fuzzy algebra, S be a finitely generated subspace of V" and let

{c,cy,.....c,} be the standard basis for S. Then any vector x ¢ S can be expressed

uniquely as a linear combination of the standard basis vectors.

Next we will see the standard incline linear combination of the basis

vectors.
Theorem 5.2.8

Let £ be an incline whose idempotent elements are all linearly ordered
and {c;,c5,....c,} be the standard basis of the subspace Win DL". In the standard

incline linear combination of the basis vector c;, the ith coefficient of ¢; is 1.

Proof

Since ¢; ¢ DL", let ¢; = (cj, Cp....,.c;y) for each i =1 to n.
ci = X1 + Xoco+...... +X,c, be the standard incline linear combination. This
can be expressed as xA = b where b= (cicCp....cin) & DL,

X = (f], fz, ceneey fn)

and 611 Ci2 oenen Czh

A=| cycn .... ¢y e DL,

\Cnl Cp2 venn Cn,-,/

Let us find the maximum solution of the Theorem (5.1.6) incline

relational equation xA=b by wusing (5.1.2). The maximum solution

X=X, X0 oeiiieinannnn. X,) is determined
by X =minggg o(ap by
X; = min {0(a;,b;), Olap, by), 0(a;3,b3).....0(a,b,)}
=min {0(ci;,Ci1), O(Ci2,Ci2)evvvnnnnnn... O (CinsCin)}

= min{1,1,1,....... 1} =1

Therefore, X = (1, 1, ....1),here I is the maximum element of £.
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5.3. Applications in Automata Theory and Cryptography

In this section, we have discussed and highlighted an application of

incline matrices in Automata Theory and Cryptography.
The Roll of Regular Matrices Over An Incline in Automata Theory

We have discussed the equivalence of finite state automata (DFSA) and
the conversion of a NDFSA to an equivalent incline which is a DFSA, by way

of constructing an incline structure with the set of states in the given NDFSA.
Definition 5.3.1 (Semi - Automata)

A finite state machine is said to be Semi - Automata, denoted as

M =[S I O,/ so}. Where

S - Finite set of states

1 - Finite set / of input symbols

0 - Finite set O of output symbols

f - a transition function f that assigns a new state to

every pair of state and input.

So - An initial state.

Definition 5.3.2 (Full Automata)
A finite state machine is said to be Full Automata, denoted as

M=[(S 1 O,f, g sof. Where

S - Finite set of states

1 - Finite set / of input symbols

0 - Finite set 0 of output symbols

f - a transition function f that assigns a new state to

every pair of state and input.
g - an output function g that assigns an output to every
pair of state and input.

So - An initial state.
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Lemma 5.3.3

Given any set S we can form an incline £ = (&S), L, ), whose elements

are subsets of S and the set “C/” and “” as an incline operation, which is a

DFSA.
Proof

Consider any non deterministic full state automata M = (S, Q, v,0.F}

Where S - Finite set of states
0 - Finite set of inputs
v - A function v from Sx Q — S, referred to

as the transition function.
o - A function dfrom S xQ — F, referred to as the
output function.

F - Final set of state.

The equivalent automata can be written as M’ = {®S), Q', V', J,F'}

Where AS) - the power set of S.
Q" - Q
V' - AS)xQ — S
J - A function ¢’from @S)x Q — F'
F' - F

Here, M'is a DFSA and M’ satisfies the Definition of incline (1.2.11),

hence M'is an incline.
Illustration 5.3.4

Consider the set D = {a,b,c}, £ = (AS), LU,) is an incline, by Example
(2.3.16), which is a DFSA.
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Definition 5.3.5

A pair of matrices A = (a;) and B = (b;) € £, are said to be space

equivalent if and only if R(A) = ®R(B) and ((A) = ((B).
Example 5.3.6

First we construct the equivalent incline for the following NDFSA.
M=<I= {0)]/(’ Q = I/(’ZOJC]I’/IU’é: So= 4o F = CII/I >

Here vand dis given by

v 0 1 0| 0 1
q0 | {9091} {q:} qo | (a1} | {qi}
qi @ {9091} qr| ¢ | {qi/

The state diagram of the given NDFSA

s N, U 1 VAN

/ A = / Y

f ! i P 4 1

[ | > - 1 -

r e ~ 7 BN rd ~ —
V4 \n n ~. / \ 7 N\
i \/ ~ T \ 7 \
Nj o ] qa. | o 1

— Y% K i I T

i TN VA I N, /
\ 7 . A / 1] —
Y V4 S~ - o N V4

~__~ AN N~

The equivalent DFSA is represented by the equivalent incline
M =<I,®(Q), v, qy F'>
Where
I'=1={0, 1}.
®(Q) - all possible subsets of states, that is, {@ [qo], [q:], [90. q:1]}
q0" = [q0]
F'=F={q}
And since v(q0,0) = {q0.q:}, we have V'([q0],0) = [q0.q:]
Likewise,
V' ([qol, 1) = [qi]
v'([q:],0) =¢
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V' (lq:1.1) =[q0q:]
V' (90) =0V (¢l)=¢

Then V' ([40.q:1,0) = [90.9:]

V({q0.41},0) = V(q0.0) © v(q1,0) = {9091} V¢ =1{q09:}
And V' ([90.q:1.1) = [q0.91]
Since V' ({q0.q9:},1) = v(qp1) U V(q1,1)

={qi} Y {90491} = {909}
Thus v’ and J' is defined by

(74 0 1 J 0 1

[q0] [90.9:1] | [q:i] [q0] [q1] |[qi]
[q1] i [q0.9:1] [q1] @ [q1]
[q04q:] | [q0q:1] | [9049:] [qo4:] |[q:] | [qi]

The state diagram for an incline given below:

77N
[T
QST
. 4
T~ .
I
/,
0
,./
:,/\Li — /
Lo\
(9091
7\ /
[N /o
\ ] —
N o VRN

Here, for the transition matrix »,0,0 and &, ®Rv) = RV') and
R() = R(JF), vand I are regular being idempotent, by Theorem (3.2.3), v’ and

O’ are regular

Remark 5.3.7
Any NDFSA is equivalent to an DFSA and the corresponding transition

matrices, that is, 6 and &' are space equivalent, v and v’ are space equivalent.
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Finite state Acceptor 5.3.8

An acceptor is a machine which can identify the strings of a language.

Example 5.3.9

Consider the set of non commuting words in 8 generators ordered by
length and lexicographically when of equal length is a non commutative
incline. Here the ordering is linear and x+y is the greater of the two words that

is, x >y if the length of the word x > the length of the word y

For this incline, let us construct a finite state acceptor that will accept

the set of words multiples of 3.

Let M = <1,Q,q0 &>
Where I = {a,b,c,d,e,f,g,h}
0 =1{909192.95}
F= {qo}
and Ois defined by

) x y
90 qi q2
qi qs3 qs3
92 qs3 4qs3
qs3 q0 9o

Where x = {a,c,e,g}, y = {b,d.f,h}.
Consider the word ad, age, decade, cabbage.
Consider ad

We have d(qq,ad)

&5(90,0)51)
6(qrd)=q; & F.
Hence ad is not accepted by M.

Consider age
8(qo age) = 6(5(qoa)ge)
= &d(q1.8)e)
= 0(qse) = qo €F.
Hence age is accepted by M.
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Consider decade
9 (qo, decade) = 0(0(qpd)ecade)
= A O(qye)cade)
= 0(0(qsc)ade)
= §6(qoa)de)
=06(d(qrd)e)
= d(qse)
= qo€F
Hence decade is accepted by M.
Consider cabbage
d(qo, cabbage) = 0(0(qyc)abbage)
= A d(q1,a)bbage)
= 0(d(qsb)bage)
= &6 (qob)age)
= 0(d(qsa)ge)
= 8(6(q0.8)e)
= d(qe)
= q;& F.

Hence cabbage is not accepted by M.
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An Incline commitment Scheme with McEliece’s Cipher

In this section, we have discussed the application of incline matrix in
Cryptography for encryption and decryption. Many researchers have discussed
fuzzy commitment scheme based on McEliece Scheme [3,4,25,26]. Just for
sake of completeness we shall make use of the following definitions and
procedure for encryption and decryption. For that, we consider a McEliece
public key over an incline £ = {[0,1], +, -}, where the addition is maximum and
usual multiplication and / is the multiplicative identity as well as the greatest

element and £ is not a Fuzzy algebra ( Remark 5.1.18).

Crisp Commitment Schemes 5.3.10
In a commitment scheme, Rishi (sender) aim to entrust a concealed
message m to Julie (receiver), intuitively a commitment scheme may be seen as

the digital equivalent of a sealed envelope.

If sender wants to commit to some message m he just puts it into the
sealed envelope, so that whenever sender wants to reveal the message to
receiver, he opens the envelope. First of all the digital envelope should hide the
message from Julie should be able to learn m from the commitment. Second the
digital envelope should be binding; meaning with this that Rishi cannot change
his mind about m, and by checking the opening of the commitment one can

verify that the obtained value is actually the Rishi had in mind originally.

The McEliece Public —key Cryptosystem 5.3.11

Secret key : S is a random (m x m) non singular matrix over £, called the
scrambling matrix. £ is an incline under the order relation “<”, defined as an
operation addition as supremum and multiplication as usual respectively.
Where additive identity O is the least element and multiplicative identity “/,” is
the maximal element. T is a (m X n) generator matrix of binary Goppa code T
with the capability of correcting an n-bit random error vector of weight less

than (or) equal to a, and P is a random (nXx n) permutation matrix.
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Public Key V = STP
Encryption : ¢ = mV+e, where m is a n-bit message, c¢ is n-bit cipher
text, and e is an n-bit random error vector of weight a.
Decryption: The receiver first calculates

¢ =cPl=mv ST+ep'I
Where P is the inverse of P. Because the weight of eP” is the same as the
weight of e, the receiver uses the decoding algorithm of the original code T to
obtain m = msS. Finally, the receiver recovers m by computing m = mS”,

where S is the inverse of S.

Definition 5.3.12
An incline £ is metric space if there exists a function d(x,y) on a set S
defined as d : £ x£ +R+ such that

(1) d(x,y) =0 i(%fx =y

(i1) d(xy) =d (y.x)

(iii) d(x,y)+ d(y,z) >d (x,z)

(iv) If x <y<z then sup {d(x,y), d(y,z)} 2 d (x,2)

V) The operations (+, -) are continuous in the metric d.

Definition 5.3.13

Let C{0,1}" be a code set which consists of a set of code words c; of
length n. The distance metric between any two code words ¢; and ¢; in Cis
defined by

dist (c,c;) = Xr=qlci - erl, cyc; EC
Definition 5.3.14

An error correction function f for a code C is defined as

flci)) = {c;/ dist (c; c;)is the minimum, over C/{c;}}

Here, ¢; = f(c;) is called the nearest neighbor of c;.

Definition 5.3.15

The measurement of nearness between two code words ¢ and c¢'1s
defined by nearness (c,c’) = dist (¢,c’) /n.
It is obvious that 0 <nearness (¢, c¢') <I.
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Definition 5.3.16

A function for a codeword ¢’ to be equal to a given c is defined as

f(c') = 0 if nearness (c,¢') = 7z <z <l,

Z otherwise
Incline commitment scheme with McEliece scheme 5.3.17

First select secret key S is a random (m X m) non singular matrix over£,
called the scrambling matrix. 7 is a (n X n) generator matrix of a binary Goppa
code T with the capability of correcting n-bit random error vector of weight
less than or equal to a, and P is a random (n Xn) permutation matrix.

Public Key : V = STP

A tuple {Q,H,M,F} where M c{0,1 }k is a message set which consider as
a code, Q is a set of individuals, generally with three elements A as the
committing party, B as the party to which commitment is made and 7C as the
trusted party, f is error correction function and H = {t,a;} are called the events
occuring at times t;, i = 0, 1,2, as per algorithm a; i =0,1,2. The secheme

always culminates in either acceptance or rejection by A and B.

In the setup phase, the environment is setup initially and public
commitment key CK generated, according to the algorithm setupalg (ay) and
published to the parties A and B at time f,. During the commit phase, Rishi

commits to a message m &M then he finds g :m — mV.

Encryption : E = mV+e, where m is the k-bit message, E is an n-bit cipher text
and e is an n-bit random error vector of weight a and + denotes modulo 2.
According to the algorithms commitalge/ into string ¢ i.e. his
commitment.
c= commitalg (XOR, g(m),E),
then after he sends c¢ to Julie , which Julie will receive as #(c), where t is the

transmission function which includes noise.
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In the open phase,Rishi sends the procedure for revealing the hidden

commitment at time 7, and use this.

So Rishi discloses the procedure g(m) and E to Julie open the

commitment.
openalg (e;) :

Julie construts ¢ using commitlag, message #(m) and opening key i.e.
c¢'= commitalg (XOR, t(g(m)), H((E))
and checks whether the result is same as the received commitment #(c).
Final Decision making.
If (nearness (#(k), f(c'))< Zy)
Then A is bound to act as in m
Else he is free not to act as m.
Then after acceptance, Julie calculates f(c') (STP )" and finally gets the

message.
Working Process for Illustration 5.3.18

Secret key: S is a random (4 X 4) nonsingular matrix over £, called the
scrambling matrix, 7 is a (4 X 7) generator matrix of binary Goppa code T with
the capability of correcting an 7 - bit random error vector of weight less than or
equal to a, and P is a random (7 X7) permutation matrix.

Public Key : V = STP

Encryption : Let g : m — mV, where m is a 4 -bit message. Then after for the
sake of secrecy add error e, which is a 7-bit random error vector of weight a,
then £ = g(m) + e, E is a 7-bit ciphertext.

Now commitment,

¢ = commitalg (CK, g(m),E)

Decryption: The receiver first calculates

¢' = commitalg (CK,t(g(m)), t (E)), where ¢ is the transmission function.

The receiver checks the dist (#(c),c’) #0, then apply error correction function f

to ¢’ and finds f{c'). Then after apply decision making:
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If (nearness (#(c), f(c') < Zy))

Then A is bound to act as in m.

Else she is free not ¢ act as m.

The receiver uses the decoding algorithm of the original code T to obtain
m'=m STP

Finally, the receiver recovers m by computing m = m'(STP)”, where

( STP)'I is the inverse of STP.
Illustration 5.3.19
Let D = {Rishi, Julie}
That is, we consider a situation where there is not trusted party.
Message space:

Let M = {0000,1011,0101,1110,1010,1100,1111} <{0,1}".

Message:
Let m = 1001.
Encoding function:
Let
1 0 0 0O
S = 0 1 0 0
0 01 0
0 0 0 1
0 01 0 0 0 O
T= 0 01 0 0 1 0
10 0 0 00O 0 O
0100 0 0 1
01 000 0O
/O 01 0 00O O\
OO 01 0 0 0]
P:| 00007100 |
0 000 010
\O 0 0 0 0O 1/
1 0 0 0 0 0 O
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g(m)=mSTP = 1011000
E=g(m)+e=1111100
c= commitalg( g(m) XOR E) = 0100100
Let the transmitted value #(c) = 1000100, which includes noise.
Rishi discloses the procedure g(m) and E to Julie to open the commitment.
Suppose Julie gets #(g(m)) = 1011010 and «(E) = 0110110
Julie compute
¢’= commitalg( t(g(m))XOR «(E)) = 1101100
Julie apply the error correction function fto ¢”: f{c’) = 1101100

Julie accepted #(c) = fic’) = 1101100

Finally Julie calculate f(c’) (STP )'1 =1101100 1001.

|
\
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CONCLUSION AND SCOPE

In the present investigation on matrices over an incline we have studied
and discussed the relation between various combinations of the following

classifications of an incline:

(1) Regular / Non Regular (ii) Commutative / Non Commutative

(iii)  Whose elements are all linearly ordered / Whose elements are not
linearly ordered

(iv)  With multiplicative identity / Without multiplicative identity

We have exhibited that, in an incline £, under the order relation “<”
defined as x <y & x + y = y, the greatest element ‘/’ is the multiplicative
identity of the elements of DL, the set of idempotent elements in the incline £.
In particular, for a regular incline £, DL coincides with £ and therefore
‘I’coincides with the multiplicative identity “I.” of £. On the other hand, for
any incline £, that has the multiplicative identity “I.”, it coincides with the
greatest element ‘/” and the converse need not be true. We have illustrated this

with an example.

We have exhibited that a regular incline £ whose elements are all
linearly ordered, is a commutative incline and the operations on £ reduce to the
max-min compositions. Thereby, in the present work we have considered the
incline with zero element — ‘0’ and greatest element -/’ and which has no

multiplicative identity.

We have proved that every finite subspace generated by the linearly
ordered idempotent elements in an incline has a unique standard basis. In
particular, for a Fuzzy algebra with support [0, /] under the operation max-min
(or min - max), the result reduce to the result of Kim and Roush. It is known
that, for a regular element a {1,2}= a. This need not be the case for matrices

over an incline. On this basis, we have discussed the existence and construction
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of various g-inverse for a matrix over an incline whose idempotent elements
are linearly ordered. We have established equivalent conditions for a matrix
over an incline whose idempotent elements are linearly ordered to be regular.
Cao, Kim and Roush have obtained an algorithm to determine the regularity
and g-inverse of matrices over an incline, in which idempotent elements are
linearly ordered. In the present work, we have provided an algorithm for

matrices over a regular incline £ whose elements are not linearly ordered.

We have determined conditions for the incline relational equations of
the form xA = b, where A is an incline matrix and b is a vector over an incline
to be consistent. Our results on incline relational equations can be applied to
linear complimentarily problems in Control Theory, by extending the equation
XA = b, where A is a block matrix and using the Schur complements of it’s

blocks.

We have exhibited that, any set S can be represented as an incline with
set union and intersection as incline operations. By way of constructing an
incline structure with the set of states in the given NDFSA. We have discussed
the equivalence of two finite state machines in terms of equality of the spaces
associated with the corresponding transition matrices. We have highlighted the
role of incline matrices in the determination of encryption and decryption in
Cryptography. These techniques can be extended to inclines of other algebraic

structures.

Our results on regular incline matrices lead to the concept of transitive
closures and in this direction the spectral properties, index and periods of inline
matrices can be developed. There is a scope for further study on matrices over
on regular non commutative incline whose elements are linearly ordered and

for commutative non regular incline whose elements are not linearly ordered.

st sk sk stk sk sk skeoskoskosk skoskok
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